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Abstract:

The basic physical processes of quantum computing can be achieved by preparing,
manipulating, and measuring wave funetions. In order to ensure that the physical
processes involved in quantum computing can be performed accurately, systems involved in
quantum computing must be able to maintain good coherence for long enough, Therefore, the
dissipation caused by the interaction of the qubit system with the surrounding
environment cannot be ignored. In order to achieve a better implementation of quantum
logic gate operations, the applied field can participate in manipulating the state of
multiple qubits. In this project, the applicant will firstly construct a multi-qubit
quantum electrodynamic system, consider the influence of the environment on the qubits,
and then build an open quantum system including the multi-qubit system and the coupled
environment. Secondly, Dirac-Frenkel time-variational principle and the multi-D2 trial
wave function will be employed to simulate the time-dependent evolution of the wave
function in the absence and presence of an external field. Thirdly, via careful tests in
the variational parameters, the accuracy of the calculation will be guaranteed, so that
the dissipation caused by the surrounding environment to the quantum state of the system
can be accurately treated. Fourthly, the evolution of coherent states and observables of
interest will be analyzed based on the calculated wave function. At last, analysis of
calculated results will provide more effective theoretical support for designing a
quantum electrodynamic device with easy control and long-term coherent state.
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Keywords (Fi43543F) : dissipative: tunnable; qubit; quantum
electrodynamics; nonequilibrium dynamics
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NANOSCIENCE & 27X -
NANOTECHNOLOGY #3H}#%
PHYSICS, ATOMIC, 1 X -

MOLECULAR & CHEMICAL ¥/
B: BT\ STFRCEYE

10 Transient * dynamics | ANNALEN DER | 0003- 2017 (&
of a one-dimensional | PHYSIK 3804 FEER)
Holstein polaron

under the influence
of an external electric

INESTIX PHYSICS, 2K |-

MULTIDISCIPLINARY 4J38. 43

s
=]

Z. SCIHZRHZR

£ 1%, #10%

SCHRFRMEL: Single-Atom Cobalt-Doped 2D Graphene: Electronic Design for Multifunctional
Applications in Environmental Remediation and Energy Storage

{£#&: Huang, ZK (Huang, Zhongkai);Zhang, Y (Zhang, Yue);Li, CJ (Li, Chunjiang);Deng, L (Deng,
Liang);Song, B (Song, Bo);Bo, ML (Bo, Maolin);Yao, C (Yao, Chuang);Lu, HL (Lu, Haolin);Long,
GK (Long, Guankui)

SRk EY: Article

FRH ARH: INORGANICS HHAR4E: SEP 242025 #%: 13 #8:10 3C#kS:312 DOI:
10.3390/inorganics13100312

Web of Science #LEER“# 315K : 0

WEIHRE: 0

S| FRYBE CERE: 56

#FE: Through atomic-scale characterization of a single cobalt atom anchored in a pyridinie N3
vacancy of graphene (Co-N3-gra), this study computationally explores three interconnected
functionalities mediated by cobalt's electronic configuration. Quantum-confined molecular prototypes
extend prior bulk models, achieving a competitive catalytic activity for CO oxidation via Langmuir-
Hinshelwood pathways with a 0.85 eV barrier. These molecular prototypes' discrete energy states
facilitate single-clectron transistor operation, enabling sensitive detection of NO, NO2, SO2, and CO2
through adsorption-induced conductance modulation. When applied to lithium-sulfur batteries using
periodic Co-N3-gra, cobalt sites enhance polysulfide conversion kinetics and suppress the shuttle
effect, with the Li2S2 -> Li28 step identified as the rate-limiting process. Density functional
simulations provide atomic-scale physicochemical characterization of Co-N3-gra, revealing how defect
engineering in 2D materials modulates electronic structures for multifunctional applications.

A5 : WO0S:001601627600001

B8 English

{E& X #i7): 2D material defects; electronic structure engineering; environmental gas sensors;
lithium-sulfur batteries; structure-property relationships

KeyWords Plus: CATALYTIC-OXIDATION; OXIDE CLUSTERS; CO; BATTERIES;
HYDROFORMYLATION; MECHANISM; OPPORTUNITIES; TEMPERATURE;
ADSORPTION; CARBONYL

{EE b1k [Huang, Zhongkai; Zhang, Yue; Li, Chunjiang; Deng, Liang; Song, Bo; Bo, Maolin; Yao,
Chuang] Yangtze Normal Univ, Key Lab Extraordinary Bond Engn & Adv Mat Technol, Chonggqing
408100, Peoples R China

[Lu, Haolin; Long, Guankui] Nankai Univ, Natl Inst Adv Mat, Renewable Energy Convers & Storage
Ctr, Sch Mat Sci & Engn, Tianjin 300350, Peoples R China

1B R4 & ik : [Huang, Zhongkai] (corresponding author), Yangtze Normal Univ, Key Lab
Extraordinary Bond Engn & Adv Mat Technol, Chongqing 408100, Peoples R China

[Long, Guankui] (corresponding author), Nankai Univ, Natl Inst Adv Mat, Renewable Energy
Convers & Storage Ctr, Sch Mat Sci & Engn, Tianjin 300350, Peoples R China
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BB FHp bt -
zhongkaihuang@yznu.edu.cn;yuezhang0922@163.com;lichunjiang2004(@163.com;dengliangaca
demic(@]63.com;songboacademic@163.com;bmlwd(@yznu.edu.cn;yaochuang@yznu.cn; 1713638
@mail.nankai.edu.cn;longgk09(@nankai.edu.cn

Affiliation: ["Yangtze Normal University","Nankai University"]

{E&IRAS:
s Web of Science ResearcherlD | ORCID &
Yao, Chuang HPG-8802-2023
huang, zhongkai JSK-6419-2023
Bo, Maolin LUW-7890-2024
Lu, Haolin JTAN-4479-2023
Long, Guankw IX1L-2865-2024
i : MDPI

AR A btk : MDPI AG, Grosspeteranlage 5, CH-4052 BASEL, SWITZERLAND
Web of Science Index: Science Citation Index Expanded (SCI-EXPANDED)
Web of Science 3] Chemistry. Inorganic & Nuclear

#5975 [E: Chemistry

IDS 5: 9AI2V

eISSN: 2304-6740

1SO 3KiF tH 4RSS : INORGANICS

SRR B ASTH: 19
H S B A FIIRAL S
& BB #is
Fuling District guiding scientific research project ['FLKJ.2024BAGS5130)
Science and Technology Research project of ['KJQN202201421", "KJQN202401422"|
Chongqing Education Commission

E &P BNIESC: This research was funded by the Science and Technology Research project of
Chongging Education Commission under No. KJQN202201421 and KIQN202401422, and the
Fuling District guiding scientific research project under No. FLKJ.2024BAG5130.

ESI S#5130: N

ESI #RIE3:N

MEAME: 20255118128

B2k, 0%k

SCHRARER: Single electron transistor based on twisted bilayer graphene quantum dots

1E&: Huang, ZK (Huang, Zhongkai);He, YP (He, Yuping);Cao, ] (Cao, Jing);Li, QQ (Li,
Qiangian);Li, C (L1, Chen);L1, GC (Li, Guichuan);Bo, ML (Bo, Maolin);Yao, C (Yao, Chuang)
SRR : Article

SR AR49: JOURNAL OF PHYSICS D-APPLIED PHYSICS tHARSE: MAR 152024 #: 57
HA:11 3C#RS:115104 DOI: 10.1088/1361-6463/ad1351

Web of Science ¥uDEERI“#ES|3TK": 0

WsBRE: 0

ERRE (R 180 X):2

BRI 2013 £EH): 29

S| FARSECEEL: 40

IWE: Electrical properties of twisted bilayer graphene exhibit angle-dependent characteristics,
sparking a thriving development in the field of twistronics. However, the application of quantum dots
(QDs) made of twisted bilayer graphene in single-electron transistors (SETs) remains largely
unexplored so far. We here investigate the electronic properties of twisted bilayer graphene QDs (TBG
QDs) within a SET configuration. We compare the performance of conventional and double-gated SET
structures and find that the double-gated configuration provides enhanced control over the electronic
properties of TBG QDs. We analyze the influence of rotation angles on the charge stability diagrams
and observe that the linear and quadratic gate-island coupling strengths generally decrease as the
rotation angle decreases. Furthermore, we quantify the effect of QD size on the charge stability
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diagrams and find that the size of the diamond-shaped regions decreases as the TBG QD size increases.
Results presented herein may help pave the way for realization and application of TBG QDs based
SET.

ANi#fS: WO0S:001126412900001

B S : English

& X817): single electron transistor; twisted bilayer graphene; quantum dots

{E& it : [Huang, Zhongkai; He, Yuping; Cao, Jing; Li, Qiangian; Li, Chen; Li, Guichuan; Bo,
Maolin; Yao, Chuang] Yangtze Normal Univ, Key Lab Extraordinary Bond Engn & Adv Mat Technol,
Chongging 408100, Peoples R China

ERfEE Mkt : [Huang, Zhongkai] (corresponding author), Yangtze Normal Univ, Key Lab
Extraordinary Bond Engn & Adv Mat Technol, Chongging 408100, Peoples R China

BB TPtk : zhongkaihuang@yznu.edu.cn
Affiliation: ["Yangtze Normal University"]

EEIRSS:
& Web of Science ResearcherlD | ORCID &
Bo, Maolin LUW-7890-2024
Yao, Chuang HPG-8802-2023 0000-0002-6673-8388
HUANG, ZHONGKALI 0000-0002-4062-0402
QIANQIAN, LI AFP-3195-2022
huang, zhongkai JSK-6419-2023

i iR : IOP Publishing Ltd

Hi i@ #biik: TEMPLE CIRCUS, TEMPLE WAY, BRISTOL BS1 6BE, ENGLAND
Web of Science Index: Science Citation Index Expanded (SCI-EXPANDED)

Web of Science 2&%l: Physics, Applied

#3756 Physics

IDS =: CP3PI

ISSN: 0022-3727

eISSN: 1361-6463

1SO &EH 4SS : J PHYS D APPL PHYS

FR AR DT T 9

E& RIS
ES RN #S
National Natural Science Foundation of ['11947205']
Chinahttp://dx.doei.org/10.13039/501100001809
Natural Science Foundation of China ['este2020jcyj-msxmX0003']
Natural Science Foundation of Chongging |'KJQN202201421'"]
Science and Technology Research project of ['JG2019234'|
Chongging Education Commission
Educational Reform Project Fund of Yangtze
Normal University

E & PBNIEIC: Supported by the Natural Science Foundation of China under Grant No. 11947205,
by the Natural Science Foundation of Chongqing Under No. cste2020jcyj-msxmX0003, Science
and Technology Research project of Chongging Education Commission Under No.
KIQN202201421, and Educational Reform Project Fund of Yangtze Normal University (No.
JG2019234).

ESI E#51L30: N

ESI #&RiL3: N

M AM: 2025511 512 8

BIK, H10 %

XHRFREL: Detecting Air Pollutant Molecules Using Tube-Shaped Single Electron Transistor

{£#: Huang, ZK (Huang, Zhongkai);Peng, XY (Peng, Xiangyang):Peng, C (Peng, Cheng);Huang, J
(Huang, Jin);Bo, ML (Bo, Maolin);Yao, C (Yao, Chuang);Li, JB (L1, Jibiao)
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SCER 2R Article

SRR BE4: MOLECULES HRR4E: DEC 2021 #:26 #A:23 32#kS:7098 DOI:
10.3390/molecules26237098

Web of Science ¥LEERI“HES SR ": 0

ISR AE: 0

ERRE (Bt 180 X): 1

FERRY (2013 £E4): 19

SIFRSE Tt 48

%% An air pollution detector is proposed based on a tube-shaped single-electron transistor (SET)
sensor. By monitoring the flow control component of the detector, cach air pollutant molecule can be
placed at the center of a SET nanopore and is treated as an island of the SET device in the same
framework. Electron transport in the SET was incoherent, and the performances of the SET were
sensitive at the single molecule level. Employing first-principles calculations, electronic features of an
air pollutant molecule within a tube-shaped SET environment were found to be independent of the
molecule rotational orientations with respect to axis of symmetry, unlike the electronic features in a
conventional SET environment. Charge stability diagrams of the island molecules were demonstrated
to be distinct for each molecule, and thus they can serve as electronic fingerprints for detection. Using
the same setup, quantification of the air pollutant can be realized at room temperature as well. The
results presented herein may help provide guidance for the identification and quantification of various
types of air pollutants at the molecular level by treating the molecule as the island of the SET
component in the proposed detector,

NS WOS:000734545500001

PubMed ID: 34885680

&5 English

{£#& X 817): tube-shaped single electron transistors; incoherent transport; air pollutant molecule;
first-principle calculations; identification and quantification

KeyWords Plus: CO

{E& ik : [Huang, Zhongkai; Huang, Jin] Southwest Univ, Sch Chem & Chem Engn, Chongqing Key
Lab Soft Matter Mat Chem & Funct Mf, Chongging 400713, Peoples R China

[Huang, Zhongkai; Peng, Cheng] Yangtze Normal Univ, Key Lab Inorgan Special Funct Mat
Chongging, Chongqing 408100, Peoples R China

[Peng, Xiangyang] Xiangtan Univ, Hunan Key Lab Micronano Energy Mat & Devices, Xiangtan
411105, Peoples R China

[Bo, Maolin; Yao, Chuang; Li, Jibiao] Yangtze Normal Univ, Key Lab Extraordinary Bond Engn &
Adv Mat Technol, Chongging 408100, Peoples R China

iR {E& Bt : [Huang, Jin] (corresponding author), Southwest Univ, Sch Chem & Chem Engn,
Chongqing Key Lab Soft Matter Mat Chem & Funct Mf, Chongqing 400715, Peoples R China
[Peng, Cheng] (corresponding author), Yangtze Normal Univ, Key Lab Inorgan Special Funct Mat
Chonggqing, Chongging 408100, Peoples R China

[Peng, Xiangyang] (corresponding author), Xiangtan Univ, Hunan Key Lab Micronano Energy
Mat & Devices, Xiangtan 411105, Peoples R China

BE T etk : xiangyang peng@xtu.edu.cn;20090008 @yznu.edu.cn

Affiliation: ["Southwest University - China","Yangtze Normal University","Xiangtan
University","Yangtze Normal University"]

EFEIRAS:
E& Web of Science ResearcherlD | ORCID &
Bo, Maolin 0000-0003-1173-8919
Li, Jibiao 0000-0002-1948-6675
Yao, Chuang HPG-8802-2023 0000-0002-6673-8388
Peng, Xiangyang 0000-0001-8561-0382
HUANG, ZHONGKALI 0000-0002-4062-0402
Huang, Jin 0000-0003-0648-2525
Bo, Maolin LUW-7890-2024
Li, Jibiao GLS-7259-2022
huang, zhongkai JSK-6419-2023

HERE : MDPI

H bR itk : MDPI AG, Grosspeteranlage 5, CH-4052 BASEL, SWITZERLAND
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Web of Science Index: Science Citation Index Expanded (SCI-EXPANDED)

Web of Science 2£3(: Biochemistry & Molecular Biology; Chemistry, Multidisciplinary
s E: Biochemistry & Molecular Biology; Chemistry

IDS 5: XUSZI

eISSN: 1420-3049

18O iR HRHI4EE: MOLECULES

iR DTG 8 20
ESHRDIHNRNS

ESHEIHLG 7S

China Postdoctoral Science Foundation ['2019M663877XB']
EEEUPIEX:

ESI E#5183: N
ESI #5830 N
MEER:2025F 11 B 12 B

$ 4%, #H10£F

SCRAFRER: Polaron dynamics of Bloch-Zener oscillations in an extended Holstein model

{£%&: Huang, ZK (Huang, Zhongkai);Somoza, AD (Somoza, Alejandro D.);Peng, C (Peng,
Cheng);Huang, J (Huang, Jin):Bo, ML (Bo, Maolin);Yao, C (Yao, Chuang);Li, JBA (Li, JiBiao);Long,
GK (Long, Guankui)

ICHRASHY: Article

R AR H: NEW JOURNAL OF PHYSICS tHER€E: DEC2021 #:23 #8:12 Xk S:123020
DOI: 10.1088/1367-2630/ac3ac7

Web of Science #Z/OERHSIIR”: 3

HWEIR A3

ERRY 2013 £ESH): 21

SIS ETRE: 72

1% : Recent developments in qubit engineering make circuit quantum electrodynamics devices
promising candidates for the study of Bloch oscillations (BOs) and Landau-Zener (LZ) transitions. In
this work, a hybrid circuit chain with alternating site energies under external electric fields is employed
to study Bloch-Zener oscillations (BZOs), i.e. coherent superpositions of BOs and LZ transitions. We
couple each of the tunable qubits in the chain to dispersionless optical phonons and build an extended
Holstein polaron model with the purpose of investigating vibronic effects in the BZOs. We employ an
extension of the Davydov ansatz in combination with the Dirac-Frenkel time-dependent variational
principle to simulate the dynamics of the qubit chain under the influence of high-frequency quantum
harmonic oscillators. Band gaps emerge due to energy differences in site energies at alternating qubit
sites, and are shown to play key roles in tuning band structures and time periodic reconstructions of the
wave palterns. In the absence of qubit-phonon interactions, the qubits undergo either standard BZOs or
breathing modes, depending on whether the initial wave packet is formed by a broad or narrow
Gaussian wave packet, respectively. The BZOs can get localized in space if the band gaps are
sufficiently large. In the presence of qubit-phonon coupling, the periodic behavior of BZOs can be
washed out and undergo dynamic localization. The influence of an ohmic bath on the dynamics of
BZOs is investigated by means of a Markovian master equation approach. Finally, we calculate the von
Neumann entropy as a measure of the entanglement between qubits and phonons.

A5 WO0S:000729598600001

55 : English

{£& X #217): Bloch-Zener oscillations; phonons effect; open quantum system

KeyWords Plus: ELECTRONS; TRANSITIONS; LATTICES; MOTION; LADDER; STATE
{E&EHbil: [Huang, Zhongkai; Peng, Cheng] Yangtze Normal Univ, Key Lab Inorgan Special Funct
Mat Chongging, Chongging 408100, Peoples R China

[Huang, Zhongkai; Huang, Jin] Southwest Univ, Sch Chem & Chem Engn, Chongqing Key Lab Soft
Matter Mat Chem & Funct, Chongqing 400715, Peoples R China

[Huang, Zhongkai] Chongging Univ, Dept Phys, Chongqing 401330, Peoples R China

[Somoza, Alejandro D.] German Aerosp Ctr DLR, D-70569 Stuttgart, Germany

[Bo, Maolin; Yao, Chuang; Li, JiBiao] Yangtze Normal Univ, Key Lab Extraordinary Bond Engn &
Adv Mat Technol, Chongqing 408100, Peoples R China
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[Long, Guankui] Nankai Univ, Sch Mat Sci & Engn, Tianjin 300071, Peoples R China

i#@iR{EE MY [Huang, Zhongkai; Peng, Cheng] (corresponding author), Yangtze Normal Univ,
Key Lab Inorgan Special Funct Mat Chongqing, Chongging 408100, Peoples R China

[Huang, Zhongkai; Huang, Jin] (corresponding author), Southwest Univ, Sch Chem & Chem
Engn, Chongging Key Lab Soft Matter Mat Chem & Funct, Chongqing 400715, Peoples R China
[Huang, Zhongkai] (corresponding author), Chongging Univ, Dept Phys, Chongqing 401330,
Peoples R China

i e chil s

zhongkaihuang@yznu.edu.cn;; 20090008 @yznu.edu.cn;huangjin2015@swu.edu.cn

Affiliation: ["Yangtze Normal University","Southwest University - China","Chonggqing
University","Helmholtz Association; German Aerospace Centre (DLR)","Yangtze Normal
University","Nankai University"]
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fE& Web of Science ResearcheriD | ORCID &
Bo, Maolin LUW-7890-2024
Li, Jibiao 0000-0002-1948-6675
Long, Guankui JTXL-2865-2024
huang, zhongkai JSK-6419-2023
Yao, Chuang HPG-8802-2023 0000-0002-6673-8388
Somoza, Alejano 0000-0002-4973-8052
Li, Jibiao GLS-7259-2022
HUANG, ZHONGKAI 0000-0002-4062-0402

H R : 10P Publishing Ltd

ik A5 #bdk: TEMPLE CIRCUS, TEMPLE WAY, BRISTOL BS1 6BE, ENGLAND
Web of Science Index: Science Citation Index Expanded (SCI-EXPANDED)

Web of Science 3&3l: Physics, Multidisciplinary

3T A 8 Physics

IDS 5: XN6FN

ISSN: 1367-2630

1SO R MH4EE: NEW ] PHYS

SR AP TTRE 4 : 19

EewammENE
&R B/is
Natural Science Foundation of (.'hina ['11947205", '12047564"]
Fundamental Research Funds for the Central ['2020CDJQY-Z003']
Universities
Natural Science Foundation of Chonggqing ['este2020jeyj-msxmX0003', '298']
China Postdoctoral Science Foundation ['2019M663877XB']

EEFRNIEI: This work was supported in part by the Natural Science Foundation of China
under Grant Nos. 11947205 and 12047564, by the Fundamental Research Funds for the Central
Universities under Grant No. 2020CDJQY-Z003, by the Natural Science Foundation of
Chongging under No.cstc2020jcyj-msxmX0003, Yu Ren She [2019] No. 298, and by China
Postdoctoral Science Foundation under Grant No. 201 9M663877XB.

ESI S#51830: N

ESI #AmILI:N

WA 20254 11 8128

ESE HOFK

SCHRARRE: Dissipative dynamics in a tunable Rabi dimer with periodic harmonic driving

{E#&: Huang, ZK (Huang, Zhongkai);Zheng, FL (Zheng, Fulu);Zhang, YY (Zhang, Yuyu);Wei, YD
(Wei, Yadong);Zhao, Y (Zhao, Yang)

KR : Article
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iRt fRH¥): JOURNAL OF CHEMICAL PHYSICS HAR4E: MAY 142019 #: 150 HB:18 30t
£:184116 DOI: 10.1063/1.5096071

Web of Science #%iDEERI“#EB| 55T 13

WA &t 13

ERRE (R 180 X): 2

FERRE 2013 £EES): 20

SIFMSE RS : 54

#2E: Recent progress on qubit manipulation allows application of periodic driving signals on qubits.
In this study, a harmonic driving field is added to a Rabi dimer to engineer photon and qubit dynamics
in a circuit quantum electrodynamics device. To model environmental effects, qubits in the Rabi dimer
are coupled to a phonon bath with a sub-Ohmic spectral density. A nonperturbative treatment, the
Dirac-Frenkel time-dependent variational principle together with the multiple Davydov D-2 ansatz, is
employed to explore the dynamical behavior of the tunable Rabi dimer. In the absence of the phonon
bath, the amplitude damping of the photon number oscillation is greatly suppressed by the driving field,
and photons can be created, thanks to the resonance between the periodic driving field and the photon
frequency. In the presence of the phonon bath, one can still change the photon numbers in two
resonators and indirectly alter the photon imbalance in the Rabi dimer by directly varying the driving
signal in one qubit. It is shown that qubit states can be manipulated directly by the harmonic driving.
The environment is found to strengthen the interqubit asymmetry induced by the external driving,
opening up a new venue to engineer the qubit states.

AJES: W0S:000470154100046

PubMed ID: 31091928

88 : English

KeyWords Plus: MAPPING POLARON STRUCTURE; ENERGY-BAND THEORY;
QUANTUM; SPECTROSCOPY; SYSTEMS

{E&MAUL: [Huang, Zhongkai; Zheng, Fulu; Zhao, Yang] Nanyang Technol Univ, Div Mat Sci,
Singapore 639798, Singapore

[Huang, Zhongkai] Yangtze Normal Univ, Coll Mat Sci & Engn, Chongging 408100, Peoples R China
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(Zhang, Yuyu] Chongqing Univ, Dept Phys, Chongqing 404100, Peoples R China

BN fE& ML [Zhao, Yang] (corresponding author), Nanyang Technol Univ, Div Mat Sci,
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Affiliation: ["Nanyang Technological University","Yangtze Normal University","Shenzhen
University","Chongging University"]
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Abstract

Through atomic-scale characterization of a single cobalt atom anchored in a pyridinic N3
vacancy of graphene (Co-N3-gra), this study computationally explores three interconnected
functionalities mediated by cobalt's electronic configuration. Quantum-confined molecular
prototypes extend prior bulk models, achieving a competitive catalytic activity for CO oxi-
dation via Langmuir-Hinshelwood pathways with a 0.85 eV barrier. These molecular proto-
types’ discrete energy states facilitate single-electron transistor operation, enabling sensitive
detection of NO, NOy, SO,, and CO, through adsorption-induced conductance modulation.
When applied to lithium-sulfur batteries using periodic Co-Nj-gra, cobalt sites enhance
polysulfide conversion kinetics and suppress the shuttle effect, with the Li;S;—LiS step
identified as the rate-limiting process. Density functional simulations provide atomic-scale
physicochemical characterization of Co-Nj3-gra, revealing how defect engineering in 2D
materials modulates electronic structures for multifunctional applications.

Keywords: 2D material defects; electronic structure engineering; environmental gas sensors;
lithium-sulfur batteries; structure-property rela tionships

1. Introduction

The concept of single-atom catalysis has emerged as a powerful strategy for achieving
high activity and selectivity [1]. Leveraging its unique electronic configuration and tun-
able coordination chemistry, single-atom cobalt (Co) [2] emerges as a versatile platform
spanning heterogeneous catalysis to quantum electronics. Beyond catalytic carbon oxide
(CO) oxidation [3], Co sites exhibit non-sequential electron transport in single-electron
transistors (SETs) [4], while analogous charge modulation enables molecular sensing [5,6]
and energy storage catalysis [7]. This multifunctionality positions cobalt as a key building
block for integrated environmental and energy technologies.

The exceptional activity of atomic Co catalysts originates from tunable coordination
environments that optimize adsorption/desorption kinetics—critical for applications like
pollutant degradation [8,9]. While Co-based systems show broad catalytic versatility (e.g,,
hydroformylation [10-14], and C-H activation [15-18]), their efficacy in gaseous pollutant
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elimination remains underexplored. In 2016, Zhang et al. pioneered single Co atoms in
pyridinic N3 graphene (Co-Nj-gra), demonstrating efficient CO oxidation via Langmuir-
Hinshelwood pathways with a 0.86 eV barrier [19].

However, two fundamental questions arise from this work [19]: How do quantum
confinement effects in nanoscale Co-N3-gra flakes modify electronic structures and cat-
alytic behavior? Can the charge transfer mechanisms governing catalysis enable other
functionalities like sensing and energy storage? Addressing these gaps requires multiscale
computational probes bridging discrete and periodic systems.

The discrete energy states of quantum-confined flakes provide an ideal platform
for SETs. When configured with Co-based islands [20,21], SETs resolve single-electron
charging effects through Coulomb blockade phenomena—including quantized charge
states and stability diamonds—that fingerprint molecular energy landscapes [22,23].
This approach offers direct electrical readouts of electronic states complementary to
spectroscopic methods.

Molecular adsorption at Co sites enables environmental monitoring, particularly for
bioactive gases (NO/NO,) [24,25] and pollutants (CO, /50,) [26]. Crucially, adsorption-
induced conductance shifts in SETs directly correlate with charge redistribution during
catalytic activation. For instance, NO, adsorption triggers electron transfer analogous to
O; activation in CO oxidation, establishing SETs as in situ probes of catalytic behavior.

In energy storage, lithium-sulfur(Li-S) batteries face challenges from polysulfide shut-
tling [27,28]. Recent advances highlight the promise of two-dimensional (2D) layered ni-
trogenous carbon-based material for suppressing the polysulfide shuttle effect in Li-S batter-
ies [29]. Unlike prior nanoparticle approaches [7,30,31], we pioneer periodic Co-N3-gra for
Li-S systems—retaining identical coordination while enabling electrode-scale simulations. Co-
based catalysts enhance polysulfide conversion [32-34] and improve conductivity [7,32,35,36],
directly translating electronic insights from flakes to practical interfaces.

Through density functional theory (DFT), this work implements a three-tier strategy:
revisiting CO oxidation on a quantum-confined Co-N3-gra molecular prototype to probe
size effects, employing SETs to quantify charge states and adsorption behavior, and apply-
ing these insights to Li-S catalysis via periodic Co-N3-gra models. Rather than treating
these applications in isolation, this work seeks to demonstrate a unified design principle:
the electronic structure of the atomically dispersed cobalt site serves as a universal ‘control
knob' for diverse functionalities. Section 3 details computational methods, with results
progressing systematically from catalysis (Section 2.1) to SET characterization (Section 2.2),
molecular sensing (Section 2.3), and Li-S battery applications (Section 2.4). Section 4
summarizes how charge redistribution unifies functionality across systems.

2. Results and Discussion
2.1. Catalytic Design for Environmental Remediation

In this section, the catalytic effect of the single Co atom embedded in pyridinic nitrogen
vacancy sites in graphene molecular prototype (Co-N. 3-gra molecular prototype) on CO is

investigated for the first time, as far as we know. As shown in Equations (1) and (2), CO
can be oxidized in two reactions:

€0 +0555 66y +0, 1)
CO+0-% o, 2)

The catalytic oxidation of CO (Equation (1)) was investigated through two well-
established pathways: the Eley-Rideal (ER) and LH mechanisms [37]. In the ER pathway,
CO molecules from the gas phase react directly with pre-adsorbed oxygen molecules on the
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cobalt site, forming a carbonate-like intermediate that undergoes subsequent dissociation.
By contrast, the LH mechanism initiates with co-adsorbed CO and O; species that undergo
intramolecular rearrangement before decomposing through a peroxide-like intermediate.
Following CO; desorption, the residual atomic oxygen on the cobalt center retains cat-
alytic activity, enabling continuous oxidation cycles through Equation (2) with minimal

energy penalty.
The reaction adsorption energy is calculated using the following formula:

Eads = Elatal = Eadsnrbnte . Eclusler (3)

where E.qs, Eiotal, Eadsorbater Ecluster denote the energies adsorbed on the Co atoms, total
energy of combined cluster-and-adsorbate complex, the energy of the isolated adsorbate,
and the energy of the isolated cluster model itself (e.g., the CoCgN3Hg molecular prototype),
respectively. Note that Ejyer represents the entire supported active site, not just the single
metal atom.

The energy barriers mentioned above were evaluated at zero Kelvin (0 K). However, to
account for the effects of temperature, the free-energy changes (AG) of the processes need to
be corrected, resulting in the adjusted energy barriers E;}m. The adjusted energy barriers can
be calculated using the equation AG = AH — TAS, where AH the change in enthalpy, T is the
room temperature (298.15 K), and AS is the change in entropy. Given that AH = AU — PAYV,
AU = AE + AEvib + AErans + AEr and AS = &S\fib + &Sn—ans + &Smtt where AU is the
change in internal energy, AE;ot is the change in total electronic energy obtained from DFT
calculations, and the subscripts vib, trans, and rot represent the vibrational, translational,
and rotational components, respectively.

In the CO oxidation process, the ER mechanism is followed. As described in previous
studies [19,38], this process consists of multiple steps and involves various intermediate
products. Every reaction step is characterized by a different transition state, such as the
transition state in step 1 of Equation (1) labeled as TSI in Figure la, and that in step 2 of
Equation (1) noted by TS2 in Figure 1b. In the initial step (Figure la), the reaction begins
with physically adsorbed CO molecules, which gradually approach the O, molecules on the
Co surface. During the transition from the initial state (IS) to the TS, the O-O bond elongates
from 1.39 A t02.67 A, requiring an energy barrier of 0.91 eV to be overcome. Subsequently,
the system enters an intermediate state (MS), forming a carbonate-like structure, which is
accompanied by the cleavage of one O-O bond and the formation of two C-O bonds.

As shown in Figure 1b, the reaction proceeds further. From the MS to the TS2, an
energy barrier of 1.48 eV needs to be overcome, ultimately leading to the formation of a
CO; molecule. Adsorption energy of -0.269 eV is consistent with typical van der Waals
interactions, confirming the physical nature of the binding in the final state (FS). It is
worth noting that the energy of the MS is 0.96 eV lower than that of the FS, making MS
more stable. From a thermodynamic perspective, this stability hinders the spontaneous
desorption of the generated CO, molecule, which is consistent with the results of other
related studies [19]. Thus, the quite big barriers of CO3 formation and dissociation indicate
that the CO oxidation on Co-N3-gra molecular prototype via the ER mechanism is difficult.

In the LH mechanism, when transitioning from IS to MS, an energy barrier of 1.21 eV
needs to be overcome. When FS is formed, the O-O bond is stretched from 1.521 A t0 1.968 A.
Subsequently, CO; begins to dissociate. After overcoming an energy barrier of 0.28 eV,
the O-O bond is broken, forming TS2 where the distance between C and Co is 2.408 A, as
shown in Figure 2. After that, the C-Co bond breaks, and CO; is successfully dissociated,
generating FS where the distance between C and Co is 4.258 A. The energy released in the
entire process is 0.21 eV. Comparative analysis between ER and LH mechanisms reveals
distinct energetic landscapes for these routes; the LH pathway demonstrates superior
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kinetics due to its lower activation barrier of 0.85eV after temperature corrections and
energy-favorable dissociation between formed CO; and the Co-N3-gra molecular prototype.
This calculated barrier is competitive with experimental values reported for noble metal
catalysts, such as Pt-based systems (1.0 eV) [39].
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Figure 1. Catalytic reaction’s energy profiles for CO oxidation over Co-3-gra molecular prototype
with the ER mechanism. (a) Initial step of Equation (1) transitions from IS to MS via TS1. (b) Second
step of Equation (1) moves from MS5 to FS via TS2. (¢) Revised energy profile including tempera-
ture corrections. Red, gray, deep blue, light blue, and white color balls in the figures represent oxygen,
carbon, nitrogen, cobalt, and hydrogen atoms, respectively.
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Figure 2. Catalytic reaction’s energy profiles for catalytic CO oxidation over Co-3-gra molecular
prototype with the LH mechanism. (a) Initial step of Equation (1) transitions from IS to MS via TS1.
(b) Second step of Equation (1) moves from MS to FS via TS2. (c) Revised energy profile including
temperature corrections.
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Following Equation (1) discussed above, there is an oxygen ion remaining on the Co
atom. In the reaction described by Equation (2), an oxygen ion on the Co surface reacts
with another CO molecule to form CO,, with an energy barrier of 0.50 ¢V to be overcome
(Figure 3a). The transition state in step 1 of Equation (2) is given by TS in Figure 3. This
step releases an energy of 1.65 eV, which is significantly higher than the physisorption
energy of CO; in the final state (FS) at 0.006 eV, indicating that the desorption of CO; is
feasible [19]. Additionally, the validity of Equation (2) is supported by the reaction pathway
in Equation (2) that starts with oxygen atoms [40)].
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Figure 3. (a) Catalytic reaction’s energy profiles for Equation (2) advances from IS to FS through TS.
(b) Revised energy profile including temperature corrections.

The reaction paths following Equation (1) with LH mechanism and Equation (2) are
thermally favorable, compared with those with ER mechanism. Partial density of states
(PDOS) analysis for the LH mechanism and Equation (2) is given in Appendix A.1. Itis
also shown that inclusion of van der Waals interactions via DFT-D method does not alter
the overall trends or conclusions of the active reaction pathways (LH and Equation (2)),
as given in Appendix A.2. Reaction time for Figures 2a,b and 3a at room temperature is
estimated by the following equation:

Ebar
kgT

T= lexp{ ) (4)
where v is in order of 10'® Hz, and kg is the Boltzmann constant. For Figures 2a,b and 3a,
we can obtain 7y =233 x 10725, 7, =29 x 10735, and 13 = 1.92 x 1045, respectively.
Therefore, the adsorption of oxygen ions by Co exhibits fast reaction kinetics for CO
oxidation, indicating rapid kinetics for oxygen—ion-mediated oxidation.

2.2. Single-Electron Phenomena in Defective 2D Graphene

In this study, the potential applications of Co atom-doped graphene in SETs were
explored through theoretical simulations and calculations. Figure 4a depicts a schematic
diagram of the SET device. A single Co atom-embedded pyridinic nitrogen-doped graphene
molecular prototype is placed between two electrodes and serves as the central island for
controlling the horizontal electron transport. The gate electrode is located below the central
island, and the electron-transport characteristics are controlled by adjusting the gate voltage
to achieve precise regulation of the electrical properties of the device [ 41,42].
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Figure 4. (a) The scheme of SET configuration with an island of a Co-Nj3-gra molecular prototype,
(b) the energy distribution across different charge states, (c) the influence of gate voltage on energy,
and (d) voltage-dependent charge stability diagram for the Co-N3-gra molecular prototype; the color
scheme of dark blue, blue, green, orange, and red indicates the number of charge states of 0,1, 2, 3,
and 4, respectively. (e,f} Responses of charge states to gate voltage at fixed source-drain biasof 2.5V,
and its counterpart with fixed gate bias of —3.8 V, respectively, and (g) conductance under varying
source-drain biases with fixed gate voltage of 0 V.

Figure 1b shows the energy distribution of Co atoms in different charge states. PDOS
analysis for the neutral charge state is given in Appendix A.1. It can be seen that as the
charge state changes from g = —2 to g = +2, the energy levels exhibit obvious quantization
characteristics. In particular, when the charge states are g = +1 and g = +2, the energy
levels are densely distributed near zero energy, indicating that these states are the most
stable and most likely to be occupied under normal conditions. However, the energy levels
forq = —2,4=—1,9 =0,and g = +1 are relatively sparse and far from the zero-energy
level, suggesting that these states have higher energies and are less likely to be occupied
under normal conditions. This discrete energy-level distribution enables Co atoms to
exhibit single-electron charging behavior during the charge transfer process.

Figure 4c further shows the relationship between the total energy of Co atoms in the
SET and the gate voltage. The total energy is a large negative value due to the sum of
the energies of all electrons and nuclei in the system. The physically relevant information
is the relative change in energy with gate voltage. As the gate voltage changes, the total
energy under different charge states exhibits non-linear changes, which are closely related
to the capacitive characteristics of the system. To gain additional insights into how total
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energy varies with gate voltage and to explore the electronic properties of various central
island configurations, we performed DFT calculations and fitted the results to a quadratic
function: E(q,Vg) = Eg +qW + aqVg + B(eVg)z [32,41,42]. Here, E(g, Vg) is the total
energy of the SET with charge state g and gate voltage V;. Ep is a constant energy term, gW
represents stored energy (a value of 5.28 eV is used to simulate gold electrodes), and aqV,
describes the linear coupling between the island and gate electrode. For Co, the parameters
are ¢ = 0.6477 and g = —0.0054.

Figure 4d illustrates the charge stability diagram of the Co-based SET. With the source-
drain bias voltage fixed, as the gate voltage is scanned, a series of periodic peaks can be
observed, indicating that electrons are either added to or removed from the central island.
These peaks form characteristic diamond-shaped regions in the Vy — V.4 plane, constituting
the charge stability diagram. The existence of these regions demonstrates the stability of
the Co-based SET in different charge states [5], providing visual evidence for the charge
control of the SET.

To better observe the performance of the SET, Figure 4e shows the variation of the
charge state of the Co-N3-gra molecular prototype with the gate bias under a fixed source-
drain voltage of 2.5 volts, indicating that within a specific range of gate voltages, the
Co-Nj3-gra molecular prototype can stably maintain a single-charge state. Figure 4f presents
the changes in the charge states under different source-drain biases at a fixed gate bias
of —3.8 V. Figure 4g shows the variation of the maximum conductance of the Co-N3-gra
molecular prototype under different source-drain biases, and the Co-N3-gra molecular
prototype exhibits two conductance changes in the range from -5V to 5 V.

The quantized charge states and gate-tunable energy levels reveal the discrete elec-
tronic structure of Co sites. This enables precise probing of electron transfer processes—a
capability we leverage to investigate catalytic interactions with bicactive gases.

2.3. Catalytic Design for Environmental Remediation

In this part, building on the electronic state mapping of Co sites (Section 2.2), we
employ SETs to detect bioactive gases through adsorption-induced conductance changes.
As a highly sensitive device, the SET can detect the charge of a single electron, giving it a
unique advantage in molecular adsorption detection.

Figure 5a illustrates the binding models of NO, NO5, SO;, and CO» gas molecules with
Co atoms. The adsorption structures formed between different gas molecules and Co atoms
are distinct. The Co complexes can be regarded as islands within the SET configuration.
PDOS analysis for the four Co complexes is given in Appendix A 1, reflecting the crucial
role of Co-Nj center in molecule absorption. The selectivity between gas molecules is
quantified with adsorption energies and charge transfer values in Appendix B.1. Due to
the different interactions between the molecules and the SET, it is possible to evaluate their
sensitivity to the adsorption of gas molecules.

Figure 5b shows the relationship between the charge states of different gas molecules
in the SET as a function of gate voltage. It can be observed that the charge states of NO; and
CO; molecules undergo significant changes at lower voltages as the gate voltage increases,
while NO and 50, molecules require higher voltages to cause changes in their charge states,
This indicates that NO, and CO; molecules have stronger interactions with cobalt atoms,
which can more easily lead to electron transfer within the SET.

Figure 5c further demonstrates the changes in charge states of various gas molecules
under different source-drain biases. The results show that SO, can achieve charge state
transitions at smaller source-drain biases, while NO, 505, and CO; molecules require larger
biases, consequently. Figure 5d shows the variation of normalized conductance of different
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gas molecules in a SET with the source-drain bias, featuring distinct conductance peaks
corresponding to specific air pollutants.
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Figure 5. (a) Molecules of NO, NO;, SOy, and CO; adsorb onto the Co-N3-gra molecular prototype.
(b) Impact of gate voltage on charge state at fixed source-drain bias of —15 V. (¢) Effect of source-drain
voltage on charge state at fixed gate bias of 0 V. (d) Influence of source-drain voltage on conductivity
at fixed gate bias of 0 V.

It is important to note that this study focuses on the fundamental charge transfer-based
sensing mechanism. Translating this principle into a practical device would necessitate
addressing several engineering challenges, including the fabrication of large-scale, uniform
arrays of Co-Nj sites, the minimization of 1/f noise and charge noise in graphene-based
SETs at room temperature, and ensuring long-term stability against oxidation and poisoning.
Nonetheless, quantifying the intrinsic electronic response, as done here, is a critical first
step for identifying promising material candidates for next-generation sensors.

Co-N3-gra can also be used to detect more complex molecules containing hydrocarbon
radicals such as methanol, ethanol, butanol, etc., which are extremely important for many
practical applications [43-45]. A detailed study can be found in Appendix B.2. The unique
structural and electrical response characteristics of Co atoms’ adsorption to different air
pollutant molecules provide a theoretical basis for the development of highly sensitive air
pollutant molecule detection devices based on Co atoms.

2.4. Stepwise Polysulfide Conversion Catalyzed by Atomic Cobalt Centers

Effective suppression of the polysulfide shuttle effect in Li-S batteries necessitates strong
anchoring of lithium polysulfides (LiPSs). During discharge, sulfur undergoes stepwise re-
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duction through adsorbed intermediates: Sg*—Li;Sg*— Li>S¢*—Lis Sy*—+LizS*—Li;S* where
asterisks denote binding at Co-N3-gra catalytic sites (Figure 6). PDOS analysis for LipS*
represents the key of Co-Nj center in anchoring of the LiPs, as given in Appendix A.1. This
cascade serves as an ideal model system for probing how atomically dispersed Co catalysts
control reaction kinetics and thermodynamics in multielectron transfer processes.

The overall discharge process involves the reduction of adsorbed sulfur: Sg + 16Li+
+ 16e~ —8LisS, which encompasses multiple elementary steps with associated intermedi-
ates [46]. To resolve the catalytic function of atomic Co sites, we decompose this process into
five concerted reactions:

Sg * +2Li+ + 2~ <2 Li,Sg+ (5)
LiSs * +4Lit + 4e~ =2 Li S + +2LisS, 6)
LipSg * +4LiT +4de™ <3 LisS, = +2LiS, (7)
LigSy * +4LiT + 4e~ <5 LiyS, % +2Li,S, (8)
LigSy * +2LiT + 2~ <% LisS % +LisS, ©)

where each step occurs at the Co-Nj active sites.

To gain deeper mechanistic insights into polysulfide conversion catalyzed by Co-Nj-
gra, we systematically evaluated the Gibbs free-energy landscape for the sulfur reduction
pathway. The computational hydrogen electrode approach [47] was employed to determine
the free-energy change (AG) for each elementary step according to

AG = AE + AZPE — TAS. (10)

In this expression, AE represents the reaction energy computed via DFT, AZPE accounts for
zero-point energy (ZPE) variations, AS corresponds to entropy adjustments, and T denotes
the absolute temperature. Thermodynamically favorable processes exhibit negative AG
values (exergonic), whereas positive AG indicates endergonic reactions requiring energy in-
put. As demonstrated in Figure 7, all five lithium polysulfide formation reactions maintain
negative free-energy values throughout the 0-500 K temperature range, confirming their
spontaneous character under battery operating conditions.

Under typical battery operating conditions (ambient temperature, 293 K), the free-
energy profile for sulfur reduction on Co-N3-gra reveals critical insights (Figure 8). The
initial Sg*—LisSg* conversion exhibits the most negative AG (—1.82 eV), confirming its
exothermic and spontaneous nature. Analysis of the complete reaction pathway identifies
the Li;S;*—Li;25* transition as kinetically limiting, with a substantial positive barrier of
3.52 eV—significantly higher than other elementary steps. This kinetic bottleneck originates
from the solid-solid restructuring required for Li»S; to LisS conversion, whereas preceding
transitions involve more facile phase changes, including Sg*— Li>S4* as a dissolution-
mediated solid-to-liquid transition, LiyS;*—Li;S,* as a liquid-to-solid precipitation, and
Li;S; to Li;S as a solid-solid crystal transformation. Such phase-dependent barriers align
with experimental reports of nucleation-limited kinetics in sulfur cathodes [48]. This barrier
value is higher than barriers reported for other cobalt-based catalysts (e.g., 1.38 eV on
Co(111) [49]), suggesting our Co-Nj site needs further optimization. Future catalyst design
should therefore focus on optimizing Co-S bonding interactions through coordination
engineering to facilitate this critical solid-state conversion.
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Figure 6. Side and top views of optimized geometrical configurations of sulfur species on Co-Nj3-gra
surfaces. Brown, blue, green, and yellow color balls represent carbon, cobalt, lithium, and sulfur
atoms, respectively.
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3. Materials and Methods

In the study of properties and catalytic applications of Co atom-doped graphene,
spin-unrestricted DFT is employed. The computational setup was designed to ensure both
accuracy and efficiency for the diverse systems studied, ranging from molecular clusters to
periodic surfaces and transport devices.

3.1. Model Systems and Computation Details
In the work, two distinct types of models were utilized, depend ing on the application.

3.1.1. Molecular Cluster Models (for CO Oxidation, SET, and Molecular Sensing)

The active site was modeled using a CoCyN3Hy molecular cluster (as shown in
Figures 1-5), representing a single cobalt atom anchored in a pyridinic Nj vacancy within
a finite graphene molecular prototype. This cluster size was carefully chosen to balance
computational efficiency with the accurate representation of the electronic structure of the
Co-Nj center. For CO oxidation and gas adsorption energy calculations, computations
were performed in the DMol3 module without periodic boundary conditions. This ap-
proach is standard for modeling isolated molecular reactions and is in agreement with
conventional first-principles studies of Co-based absorption and catalysis [50,51]. For SET
simulations, the CoCyN3Hg molecule served as the central island. Neumann boundary
conditions were adopted, following established first-principles modeling practices for
molecular-scale electronic devices [41]. Simulations were conducted using QuantumATK
software 2019, combining DFT with the non-equilibrium Green's function (NEGF) for-
malism. The DFT-NEGF method was used to investigate the cha rging energies in SETs,
while self-consistent-charge DFT was employed to study the electronic properties of the
Co atoms’ structures [32,52], ensuring model stability and the accurate capture of discrete
energy levels and Coulomb blockade effects.

3.1.2. Periodic Model (for Li-S Battery Applications)

A periodic model was constructed using a 7 x 7 graphene supercell (in-plane lattice
parameter of 2.46 A) with a single Co-N3 center. A vacuum layer of 15 Awas added
along the z-direction to decouple the periodic slabs and prevent any spurious interactions
between them, which is sufficient for convergence of the electronic structure.

3.2. Exchange-Correlation Functional and Basis Set

The Perdew-Burke-Emzerhof (PBE) functional within the generalized gradient ap-
proximation (GGA) was employed for all calculations. While this functional possibly
underestimates absolute reaction barriers, it provides a well-established and computa-
tionally efficient framework for describing catalytic reaction mechanisms [19], adsorption
energetics, and electronic structures in carbon-based materials and transition-metal com-
plexes, and its use is consistent with previous computational studies of cobalt-based cata-
lysts [50,51]. The double numerical plus polarization (DNP) basis set was used throughout
this work. The DNP basis set is the default in the DMol3 module, offering good accuracy in
describing both the localized d-orbitals of the cobalt atom and the delocalized m-system
of the graphene substrate. Grimme's DFT-D method was used to account for dispersion
interactions. Core electrons were treated with DFT semi-core pseudopotentials (DSPPs) to
account for relativistic effects [6,53-55].

3.3. Convergence Parameters and Transition State Search

During the calculations, the energy convergence tolerance was set to 5 x 10~7 Hartree,
the maximum force to 0.005 Hartree/A, and the displacement to .05 A, to ensure the
precision of the calculations. To determine the minimum energy path for the CO oxidation
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reaction, the linear synchronous transit/quadratic synchronous transit (LST/QST) methods
were utilized [56]. The vibrational frequencies were calculated to obtain the zero-point
energy (ZPE) and thermal corrections to the Gibbs free energy.

4, Conclusions

This computational study demonstrates that the multifunctionality of single-atom
cobalt-doped graphene stems from a common root: the tunable electronic structure of
the Co-Nj active site. The ability of this site to undergo charge redistribution enables it
to facilitate catalytic cycles, alter conductance in SETs for sensing, and enhance reaction
kinetics in batteries. Our key findings reveal that in catalytic applications, Co-N3-gra
molecular prototypes drive efficient CO oxidation via LH pathways, with the rate-limiting
step exhibiting a 0.85 eV barrier. The coordination environment critically tunes reaction
energetics, as shown in the contrasting mechanisms between ER and LH pathways. For
electronic and sensing applications, quantum confinement in nanoscale molecular proto-
types creates discrete energy states that enable precise SET operation. When configured as
Coulomb islands, these systems detect adsorption events through characteristic conduc-
tance shifts—particularly for environmentally relevant gases like NO, NO,, SO,, and CO,.
In energy storage, periodic Co-Nj3-gra models significantly mitigate the polysulfide shuttle
effect in Li-S batteries. Our work identifies the LizS; —Li,S conversion as the rate-limiting
step and quantifies its challenging barrier, providing a key metric for future catalyst design.
This work demonstrates that the electronic structure of a single Co-Nj active site serves as
a unified platform for multifunctional applications. We elucidate the mechanism by which
charge redistribution at this specific site simultaneously governs its catalytic, sensing, and
energy storage functionalities.
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Appendix A. Electronic Structures Analysis
Appendix A.1. PDOS Analysis

Figure 1 clearly shows hybridization of d orbital of Co, CO, and O, during the LH
catalytic circle. In the initial state, the O; molecule is significantly activated upon adsorption,
as evidenced by the elongated O-O bond and the hybridization between Co-d orbitals and
O; orbitals near the Fermi level. At the transition state, this hybridization intensifies, and a
new emerging state indicates electron redistribution towards the formation of the peroxide-
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like intermediate, concomitant with O-O bond weakening. Figure 2 displays the active
charge redistribution for Co, CO, and O for the Equation (2) mechanism. The Co-adsorbed
atomic oxygen site exhibits a highly reactive electronic state. This state readily interacts
with the approaching CO molecule, leading to a low-barrier transition state characterized
by Co-O-C hybridization. Comparing with Figure » and Figure ! in the main context,
the bond cleavage is accompanied by a significant charge redistribution, as revealed by
our PDOS analysis above. The electronic structure evolution directly drives the catalytic
cycle. Figures A3-A5 present the PDOS analysis for Co-N3-gra molecular prototype as SET
island, for NO, NOjy, SO5, and CO, adsorbed onto the Co-N 3-gra molecular prototype, and
for representative LiPs on Co-Nj graphene, respectively. It can be found that Co serves
as active sites due to clear hybridization between Co-d orbitals and neighboring states
of atoms/molecules.
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-8 - ' ' N |
= —Co-d of IS in eqd
‘E;;Ef— .. ~~CooflSineq2
kU “COofISineq2 |
{% 4- ~QoflSineg2 | ~
0ol /
8 Zl, --,_\\ JA_‘_::_'_/’ "}\
o T il e s
-3 2 -1 0 1 2 %
E—Er(e‘u’]
%»3 - T ZicodnlTSin eq2 |
L5 --Coof TSineq2
% == COof TS in eg2 i
E4 - QO ol TS in eq2
= 4
8 2k
aoE B
=] B 3

Figure A2. PDOS analysis for (a) IS and (b) TS in the path of Equation (2).



Inorganics 2025, 13, 312

14 of 19

PDOS (states/eV)
L

o

N

b
o 7

PO

L]

PDOS (states/eV)
A [=]

@

PDOS (states/eV)

o

&

PDOS (states/eV)
(2]

—Co-d
--Co

W]
E-E, (eV)
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Appendix A.2. DFT-D Correction

Inclusion of vdW corrections does not alter the overall trends or conclusions of the
active reaction pathways (LH and Equation (2)). The relative energy landscape and the
identity of the rate-limiting step remain unchanged. The revised energy profiles (with vdW
corrections) are now included in the Figures A6 and A7 for transparency.
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Figure A6. Catalytic reaction’s energy profiles for catalytic CO oxidation over Co-3-gra molecular
prototype with the LH mechanism. (a) Initial step of Equation (1) transitions from IS to MS via TS1.
(b) Second step of Equation (1) moves from MS to FS via TS2. (¢) Revised energy profile including
temperature corrections, Vdw correction is adopted for related calculations.
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Figure A7. (a) Catalytic reaction’s energy profiles for Equation (2) advance from IS to FS through

TS. (b) Revised energy profile including temperature corrections. Vdw correction is adopted for
related calculations.

Appendix B. Sensing
Appendix B.1. Charge Transfer Mechanism

The selectivity can be rigorously quantified by the adsorption strength and the amount
of charge transfer, as summarized in the above figure. NO; exhibits the strongest adsorption
(—0.128 eV), confirming it as the most sensitive analyte. This is followed by NO, SO,,
and CO,, which correlates perfectly with the conductance shift trends in Figure 5. This
quantitative analysis removes any ambiguity in the selectivity ordering. Furthermore, it
directly links the sensing mechanism to the catalytic process: the strong charge transfer
to NO; mirrors its role as an oxidant in catalytic cycles, unifying the functionality of the
Co-Nj site across different applications.
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Figure A8. Charge density difference, absorption energy, and Bader charge for air pollutant sensing,

Appendix B.2. Detection of Hydrocarbon Radicals

This section illustrates the detection of more complex molecules containing hydrocar-
bon radicals such as methanol, ethanol, and butanol. Figure A9a illustrates the binding
models of butanol, ethanol, and methanol molecules with the Co-N3-gra molecular proto-
type. Figure A%b-d display the effect of gate voltage on charge state at fixed source-drain
bias of —15 V, impact of source-drain voltage on charge state at fixed gate bias of 0V, and
influence of source-drain voltage on conductivity at fixed gate bias of 0V, respectively. Due
to the different interactions between the molecules and the SET, it is possible to evaluate
their sensitivity to the adsorption of studied molecules.
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Figure A9. (a) Molecules of methanol, ethanol, and butanol adsorb onto the Co-N3-gra molecular
prototype. (b) Impact of gate voltage on charge state at fixed source-drain bias of —15V, (¢) Effect of
source-drain voltage on charge state at fixed gate bias of 0 V. (d) Influence of source-drain voltage on
conductivity at fixed gate bias of 0 V.
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‘time evolution ofoccupancy in mini- bands is calculated. A ||nearly
:"-tlme-dependent ‘way of tuning the gap is also proposed and non-periodic
on is _'_'bserved When the chain is coupled to dispersionless opt cal

'_ rong couplmg leads to large phonon displacements and |ocalizes
" ckets of the qubit states. The findings provide nev: insights
prZO_s in complex systems and suggest avenues or

1. Introduction

Bloch oscillations (BOs) and Landau-Zener (LZ) transitions are
two essential elements of quantum mechanics that involve the
organized movement of quantum particles and waves in repeat-
ing media under outside influences.I'?l In repetitive potentials,
there are continuous Bloch band structures and Bloch eigen-
functions that spread uniformly throughout the system. The in-
troduction of an external static field results in the formation
of discrete Wannier—Stark ladders with localized eigenstates. |
When free from scattering and dephasing effects, BOs occur,
where carriers experience periodic oscillations in both recipro-
cal and real space!l®! LZ transitions take place when changes
to a linear potential from a superimposed field are signifi-
cant enough to bridge the gap to an adjacent band, allow-
ing for the tunneling of carriers to higher-order bands. =7
The harmonious combination of BOs and LZ transitions is
known as Bloch-Zener oscillations (BZOs),*'%! also referred to
as Landau—Zener-Bloch oscillations!!!! or Bloch-Landau-Zener
dynamics.!l These concepts have practical applications in fields
such as quantum optics,| 2l solid-state physics,!'?! and atomic and
molecular physics.!1*]

Z, Huang, M, Bo, C. Yao

Key Laboratory of Inorganic Special Functional Materials of Chongging
Yangtze Normal University

Chongging 408100, China

E-mail: zhongkaihuang@yznu.edu.cn

The ORCID identification number(s) for the authar(s) of this article
can be found under https: //doi.org/10.1002/andp.202300101

DOI: 10.1002/andp.202300101

Ann, Phys. (Berlin) 2023, 2300101

In this study, the tr_a_:_’ns_igqf- dynamics o_f' Bloch-Zener oscillations (BZOs) in a
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In recent years, tunable platforms have
received increasing attention as poten-
tial quantum simulators for studying fun-
damental quantum mechanics phenom-
ena like BZOs!"™| The BZOs have
becn observed directly in various sys-
tems. such as light beams in 2D pho-
tonic lattices with a refractive index
rarnp,!’l light waves in circularly curved
waveguide arrays creating optical binary
superlattices,|'! atomic rubidium Bose-
Einstein condensates in accelerated op-
tical lattice potentials,!* and photonic
graphene realized by honeycom lattices
ot coupled optical waveguides with an in-
lex gradient.|™

Circuit  quantum  electrodynamies
({QED) setups are promising options
for quantum simulation and compu-
tation due to their ability to provide
precise control, scalability, and extended
time!'°l These circuits can be aranged in vari-
ous forins, including single artificial atoms, 1D chains, or 2D
lattices. ¥ The versatility of these platforms allows for fulfill-
ing the criteria for universal quantum computation and can be
tailored for specific quantum simulation needs.' ! Advances in
circuit OED technology oller exciting prospects for studying the
relation-hip between BOs and 1.Z transitions.

Rece: Ly, research has l»2en conducted on BOs in various QED
systems In 2017, Ramascsh et al. successfully created BOs in a
circuit OED systerm using o ransmon qubitand superconducting
cavity." Bahmani et al. proposed using a 1D lattice of coupled
LC circy its to study BOs and Wannier—Stark ladders.*'l Guoetal.
showed the existence of BOs in a circuit with 5 superconducting
transmon qubits. | Karamlou et al. showed the existence of BOs
in a circait of 3 x 3 superconducting qubits.|*!

Circeit QED devices are also used o examine Landau-Zener
(LZ) traisitions. 1n 2004, lzmalkov et al. observed LZ transitions
in a cirouit with an Al threejunction qubit and a Nb resonant
tank.™ Johansson and colleagues studied LZ transitions on a
flux qulit in a superconducting chip.**! Hinggi and colleagues
investigited the LZ transition probability in circuit QED, *¢! while
Neiling.r et al. demonstrated LZ transitions using two types of
superconducting qubits: a flux qubit and a phase-slip qubit.*’]
Circuit (QED can be used to study coherent transport in BZOs.

Fine- uning the energy gap of a flux qubit is critical in trans-
forming o one-band erysta! model into a two-band one and plays
a crucia role in adjusting RZOs. Recent progress in the adjust-
ment of the nurnmum cm

coherence

vey splithing or transition energy, also
known s the qubit gap ol Hux qubits, is seen as a positive step
toward ‘he realization of BZ0s. In 2003, Chiorescu el al, were
the frs' to obscrve the coherent time evolution between two

52023 Wiiey-YCH GmbH
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Figure 1. Circuit diagram of the dewice.

quantum states of a superconduciing flux qubi composed of
three Josephson junctions inaloo; ablishing o+ rong founda-
tion for solid-state quantum simu 11 using superconducting
flux qubits. ** Paauw et al. experinvii1lly demoniied the abil-

nz Auxqulit in situ using
cienteither di-

ity to adjust the gap of a supercond
an additional fAux loop, allowing the
agonal or off-diagonal coupling belv.- n neighboring qubits.!*?
The main obstacle in the design ol fdux qubits s lhe precise
control of the qubit gap while maiviuning long 1nd consistent

it lo imp

relaxation times. In 2022, Chang ! | produced 7 lirge batch
of flux quibits and showed excelle: oducibilitv and control
of the qubit gap, relaxation time:. and pure echo dephasing
times through careful control of ¢-bean lithography, oxidation

parameters of the junctions, and =umple surface ! The con-
tinuous progress opens up the possibility of timne-dependent
manipulation of the band gap ina ! [ flux qubit ¢liain

This study investigates the dynainics of BZOs ina 1D chain of
qubits with alternating site energics 7d under the influence of
controllable driving forces. The pajic1 is structured as follows: in
Section 2, the model Hamiltonian i presented and the eigenen-

ergies of various subsystems moclelod by the proposed qubit
scheme are analyzed in detail. In “ocion 3.1, the fne-tuning of
energy structures and BZOs dynaw: o« under the commensurate
condition is examined, as well as the ¢ pamics of Lap luning that
changes linearly with time. The effe. « o/ qubit-plinnon coupling
are explored in Section 3.3 using nulti-D2 susatz and the
Dirac-Frenkel time-dependent vari: i 12l princip’-. Finally, con-

clusions are drawn in section 4.

2. Experimental Section
2.1. Model

The dynamics of BZOs can be sinii!ited using o tight-binding
lattice Hamiltonian. As schematically shown in Iigure 1, a 1D
chain of gap-tunable qubits is proposcd as a quantum circuit to

model this. By controlling the site ¢ e gies of the ¢ 1ihits, this sys-

tem allowed for the emulation of 17 Os dynamics.""51 In the
circuit, magnetic fluxes were direcicd outside in qubit n—1 and
inside in qubit n, resulting in alteraling site ene!pies in neigh-
boring qubits. The magnetic flux © (1) represenicd an external
driving force on the qubit array, (01111113 a biperiodic potential
system which can be used to study '/ Os phenos
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The qubit array consisted of 2N qubits with integer values
ranging from —N to N — 1, which were set up at low tempera-
tures. Ina 1D tight-binding model, the total Hamiltonian of the
systen is made up of three terms: hopping term, on-site energy
term, and external field term. These are expressed as

Ff = I‘IIWP + “II"I], + Hlﬂﬂ (1}
A Y
I_l!'.r\p il “? (&:‘aﬂﬂ +h.C‘) {2)
n=-N
. 5(t) '« X
j”_q.”‘. = T Z\;{“‘l}“a:ﬂu“ (3:|
N-1
H. =Y Fdnap, )
n==N

The creation and annihilation operators for the excitonic car-
riers at site n are represented by &', and 4, respectively. Each site
was limited to two states, the ground and excited state of a qubit,
which made the carriers at each site behave like fermions with the
relation {a!,a,,} = 8,,,. The hopping term in the Hamiltonian
only included the coupling between nearest neighbor qubits,
with a strength of A. The on-site energy of each site is 1y,
with time t being a variable. The external influence on eaéh qubit
was uniform, with a strength represented by F, and d represents
the lattice spacing.

The one Bloch band tight-binding subsystem is represented
by Fly, (Equation (2)). It contains 2N one-particle states that
form the sub Hilbert space H,,,,. The eigenenergies and eigen-
states of this subsystem are well known and have the analyti-
cal expressions ¢, (k) = -% cos(k,d) and |k, }, respectively. These
eigenstates are known as Bloch states, which satisfy Bloch’s the-
orem, stating that (n+14+2N|k) =(n+1]k) = efdin| k).
The quantum numbers k, represent the quasi-momenta.

=—5 sE& (5)

The 2N Bloch states with the k,-quantum numbers ranging
from —% to +%, form a complete and orthogonal basis for the
sub Hilbert space Hipgp-

Wannier states. |n) = X ep, \/gs‘“‘l"lkl}. are also a com-
plete and orthonormal set of states in Hy,,,, and are defined for
integer values of n ranging from =N to N - 1.

Using Fourier transformation, the annihilation (creation) op-
erator &,(a) is

+4

. 1 8o s
, = — & e
\J"ZNJ;.:Zﬁ .

i
& = _12; > a e (©)
VaN

Thus, in momenta space

i
1 (k) =—%c05(k,d] pI @)

k""i
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HH,P in Equation (3) represents the difference in energy levels

between neighboring sites, which is 8{t). According to our pro-
posed QED scheme, MT‘} can be adjusted to fine tune the qubit

gap. This results in the eigenenergies of f—fhop + I:fmp being split
into two minibands,

1
65 (k) = £2/I6()T + [Acos (kyd) )

with quasi—momenta k,_ ranging in the corresponding first Bril-
louin zone fro +and a band gap of 6(t) when the differ-
ence in on-site energy between the two neighboring sites is tuned
to 8(t).

When N = 1, the system became a two-site system that was
connected through an off-diagonal coupling. The Hamiltonian
of this system is expressed as

(9)

where &, and &, are the Pauli matrices. The eigenstates of 4.
| 1), and | |), can also be considered as the excited and ground
states of each qubit in the dimer, respectively, This relation-
ship 15 shown through the equation &, = | 1)(1 | —| )| | =
(~1)°853, + (~1)'a]8;.

When the gap between the two states changes linearly with
time, it creates a Landau-Zener model, described by the Hamil-
tonian

H,=-=6.+ 5% (10)

Here, the diabatic states move at a velocity of v. Transitions be-
tween the two diabatic states occured due to direct coupling be-
tween neighboring qubits. The probability of transition from
one state to the other at the avoided level-crossing point can

be determined using the Landau-Zener formula, which gives

Pipyoipy(e0) = 1 - exp(Zas).

The external field along the chain, described by H_,, in Equa-
tion (4), leads to a linear shift of the lattice’s potential energy.
When the §(f) is turned off, Bloch oscillations occur in the one-
band system under a constant force F. In momentum space,
H,,(k,) is expressed as

Hoo (ky ;F—— Z CHEN (11)

ky k=t

By solving the Schrodinger equation for i, (k;) + H.,(k.).
the eigenenergies are the Wannier-Stark ladders, €, (m) = mdF,
with m=0,£1,£2,..., and the eigenstates are |WS, (k}) =

A _—ifmk;d+ -2 sinjk, d)]
e F Jky).

In Wannier space, the analytical eigenenergies of H,,, +
are given by e,,(n) = [ & (k;)dky + ndF, with n = 0,+1,+2, ..,
i

and the e1gen5tates are the well-known Wannier-Stark states,

When the qublt system haa periodic boundary conditions or
when the linear array was shaped into a ring, there can be breaks
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in the potential cnergy at the chain’s boundaries. *”! However, by
utilizing a gauge-transtorined vector potential, A(t) = —Ft, this
discontauity issuc can be resolved ! The expression for Hllu-p
A, car then be reformulited as

£ . A =0 of LA 1Al 2

Hiyge = -XZH_[\& .+ ) (12)

Whe, the 8(f) is tumed on, the static external force influenced
the two minibands in Equation (8) causing the formation of two
minilad Jers, The energy of these ladders can be expressed as fol-
lows:

E‘t’:'“tn} = E, + 2adF (13)
¢ ) =—Ey + (20 + 1)dF

where tic energy offset £, depends on system settings of 6, A, F,
and d i Hamiltonian (1)

2.2, Methods for Dynamics

The sin e particle wave function’s time evolution was described
by the S :hrédinge: equation, which states that
d|W(iy
ih—— % = H W) (14)
di

where |''(t)) = 2_ W, (1)),

There are t]'lll.\_‘ leE:LII'I ways to find |¥(t)). First, the equa-
tion can be solved by using the Taylor expansion of |'{t))

L d i‘I’U})

[P+ A1) = [W(1)) + Z —=(aty (15)

This mi thod wus precize but time-consuming, and required a
sixth orler expansion with At set to = 107 in the units of /A,
which 1 sulted in a precision of the order of 10°* in the wave
functios 's norm

The second method mvelved using the time evelution oper-
ator U = exp(—- HA to calaulate |W(1+ Aty = U|¥(1)). How-
ever, this method can become inefficient for very large Hamil-
tonian 1aatrices.

Final'y. the Runpe-Kuttn method can be used to solve the equa-
tions of mation of the coelticients w, (1), which are given by

i, (1) == (e M () + 2% () (16)

where the reduced plank constant is set to be A = 1 in the rest of
paper for convenience. The initial wave packet can be given as

¥ =01) = Z i, @ | ) = Z Cexp (—n’ /46l )a,|@) (17)

© 2023 Wiley-¥CH GmbH
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2.3, Physical Quantity of Interest

The focus is on the time evolution of the carrier probability of the
qubit state, which is represented 1 I (1. 11) and [ (1. k) in Equa-
tion (18).
P,(t.n) = (W(1)aa,[P() (18)
Pyft. k) = (W(1)1a, d, [¥(0)
These equations described the avii e occupativon of the qubit
state at time !, and can be used | rmine the occupancy of
fermionic carriers on the lower arc pper minil ands, This in-
formation was obtained through U/ d folding !ieory, as seen
in Equation (19).
Pui)= T Pltk) (19)
b= X
k 2

Pup“} =1- le”}

The current of the composite systein 111 the preser e of an exter-
nal field can be described by Equation (20).

o) = R Y, (48], —He[VI4) (20)
To understand the movement of (e carrier wave packet, the
mean value ¢{t) and the standard deviaon e are  sed as shown
in Equation (21).
clt) = Z nP (t, n
N
2
oty = 3, (n—c(t) Pylt.) 1)
It is important to note that the initiy! < :andard deviation o, has a
significant effect on the mean value (1) of the carricr wave packet.

3. Results and Disscussion

3.,1. BZOs with Fine Tuned Constanl Ty

]

The BOs in a single band case witl 5 = 0 have 1 time period

of Ty = 2ah/F.I*l However, when & = 0, the tim weriodicity of
BZOs satisfying the commensurability conditior is usually ex-
pressed as Ty, = 5T,z = 1T, with s being positive inlegers and
T,. being known as the reconstriciion period!' ' The encrgy
spacing between the Wannier-St1ik ludders can e determined
by the period of the LZ transition 7 = 2rh/(dF — 2Fy(#)). The
reconstruction period is T,, = a/t/ /2 due (o the reduced
size of the Brillouin zone for & [ Ey(8) = U, the relation-
ship Tyy = 2T,, = T can be obtainedl Figure 2a shows a collec-
tion of energy offsets of the Wannici— Lirk ladders (hat meet the
commensurate condition under the conditions o external feld
strength of F = 1, lattice spacing of // = 1, and hopping strength
between neighboring sites of A = 24, Figure 2b = a slice from
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Figure 2. Energy offsets of the Wannier-Stark miniladders for commen-
surability condition. a) Energy offsets of Wannier—Stark miniladders as a
function of (rs) denoting commensurability conditions of Bloch-Zener
oscillations. b) A slice of (a) for s= 1 and varying r. ¢) Energies of the
Wannier-Stark miniladders as a function of tuning gaps & are represented
by curve lines, and horizontal lines mark calculated energies from (b). d)
Band structures of the field free Hamiltonian in the first Brillouin zone with
respect to many tuning gaps & of intersection points between the lines in
(c). Other parameters include external field strength of F = 1, lattice spac-
ing of d = 1, and hopping strength between neighboring sites of A = 24,

Table 1. Fine tuned gaps for commensurability condition.

' a2 £ 5 5

_ 8

2 1 16 2.567495478917847 8.245567380283994
3 15 14 4.315132382278204 7.557401110701997
4 2 1110 4,894982447409100 7.1847747100703625
5 25 16 5.221171155059879 6.943559683172581
6 3 17 5.440051207299170 6,768519751687520
’ 15 18 5.604562712125939 6.629729206331142
# 4 1/9 5.740726370922797 6.509987772076496
9 45 245 5.866942796862999 6.394910948173719
10 5 9/22 6.016833838093208 6.016833838093208

Figure 2a and shows how the energy offsets vary with r for a
fixed s = 1. The energy offset E, can be determined by calculat-
ing et/ ¢ 417 Equation (13) by diagonalizing the Hamiltonian
f7. A large number of gap values were tested to find the specific
gap that produces the required energy offset E,. Numerically, the
needed gap can be selected with an accuracy of 107" There may
be several values of & for the same E,. In Figure 2¢, the green
curve denote the energy ofsff'“(n = 0) from Equation (13). The
horizontal lines mark the calculated energy values shown in Fig-
ure 2b. The dashed line on the left side and the dotted line on the
right side cross with curves representing Wannier—Stark mini-
laclder at two sets of gaps, referred to here as § and &, respec-
tively. With these gap values, the set of minibands is shown in
Figure 2d. For clarity, the accurate gap values §; and §, are given
in Table 1. These carefully selected gaps can produce BZOs with
different time periods.

© 2023 Wiley-VCH GmbH
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Figure 3. Tuning Bloch—Zener oscillation patterns, Time evolution of the carrier probab lity P, {t, 1 for tun
with rbeing a) 2, b) 3,¢) 4,d) 5,e) 6,f) 7, g) 8, and h) 9. Other parareters are hopping strength A\ = 24«

gap &. The initial condition is a Gaussian wave packet with oy = 3

www.ann-phys.org

n

: gaps &) from commensurability conditions
1, external field strength F = 1, and tuning

5 50

Figure 4. Time evolution of the carrier probability P, (#, n) for tuning gaps 4, from commensurab lity conc/it
7. g) 8, and h) 9. Parameters are quite the same with those of Figure 1. except the usage of turnirg gap «

The agreement between the observed dynamic behavior in
temporal space in Figures 3 and 4 and the expected time-periods
shown in Table 1 further confirms the accuracy of the gap tun-
ing results. Figure 3 shows more apparent BZOs patterns due
to smaller values of § compared to Figure 4. The tunneling fre-
quency increases as the value of r grows, leading to longer Ty, pe-
riods, with a fixed field strength and T;, = % Although all evalu-
tion in the figures are plotted with 2Ty, for convenience, the wave
patterns eventually become similar as r increases. The largest
possible value of r for a given system can also be inferred from
these figures. The evolution starts with a Gaussian wave packet
and clearly defined BZOs patterns appear, which is in contrast
to the behavior of wave packets starting from a single site that
display a shrinking breathing mode as shown in the Appendix A.

In Figure 5, we demonstrate the motion in quasi-momentum
space, where the tunneling between the upper and lower mini-

Ann. Phys. (Berlin) 2023, 2300101
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s with r being ) 2, b) 3, ¢) 4, d} 5,€) 6, )
tead of 6.

bands is made ¢lz2ar. Th
erties of the inayionin iy

tcolummnof Figure 5 shows the prop-

$it, which is the most typical BZOs
| refers to the motion of same time-
periodicity but liss transition between two minibands due to the
usage of large & . The \id column shows the r =9 case as an
example of long period cvolution with Ty, > Ty. In Figure 5a—,
k,-quantum nupnbers risies from =£ o +§, and the Brillouin

pattern. The second co

o+~ uSil;lg band-folding theory for
odel. That is to say, the lower mini-
== -!—%]/[kl}. while the upper one
travels in the rninge of —-1/(k;} and [+£,+I]I{k= ). It can be
clearly found thit Zener tansition between the two bands occur
once the wave packets tivel to the boundary of the momenta
unit region of the Brillouin zone at integer times of Iju Before

zone can be reduced to -
the discussed (vo-band |
band moves in the range

around 1Ty, there is a partial transfer of population from the
2Thz

© 2023 Wiley-VCH GmbH

0 6RREITS!

sy e pEpeo]

IpuoCy puw s | M998 [ET0L/EOM0) U0 Amigry e Sag, “Ansmamnr) pumop Surliog A9 | 0100€202 P01 1P Afin Angsa;

rsdug)

ES TR TI

F

AR SOuR) Ante) oqqeadde oy £q prawal am sajaoum v ‘e o sama s0) Lnsqie] auTjug Sy, U (suon



ADVANCED
SCIENCE NEWS —

=i physik

www.advancedsciencenews.com

S0t
=

Figure 5. Time evolution of carrier prot v i guasi-n
evolution of occupation probability o wer (upper)
carrier probability inreal space 4 () (g1ien color), rmean va
left to right corresponds to real space riotci i Figures

lower miniband to the upper miniband. After 27, the popula-
tion transfer from the upper band to the lower band until recon-
struct the initial condition. Figures 5:-[ give the detailed popula-
tion of each miniband. Figures 5g-i show the wave center, width,
and current evolution to quantitutively measure the transferring

of the studied BZ.

3.2. Linearly Time-Dependent Tuning =" Gaps
When the qubit gap is adjusted al | “onstant ratc, the one-site
energy term becomnes
’ N1
_ W _1yata
Hﬂip - E Zﬁi 1} alla" [22}
Starting from time = 0, the gip i1 creases grodually and the

carriers can reach the boundary of 1i:e Brillouin zone at a cone
trollable rate. After the first transitior. the gap continues to in-
crease and begins to prevent further [ansitions. This is why the
wave center (represented by the green line in Figure 6j-1) oscil-
lates with a small amplitude around a certain value after the first
transition. The rate at which the gap is increased significantly af-
fects the center of the wave paclket ot long times. Since the gap
starts from zero, it provides ample opportunities (o transitions
to oceur, which helps to evenly distiibite the populition between
the two minibands. As seen in Figune o, P (1) and 7 (1) oscillate
0.5 at long times.

Ann. Phys (Besin| 2023, 2300101

2300101 (6 of 11)

www.ann-phys.org

10
I
T ARSI
-20
2 0 5 10
f UTg

menta space Py(L ki) (or a) r = 2with &y, b) r = 2 with &, and c) r = 9 with & = §,. d—f) Time
i, P () (P (), denoted by blue (red) line. g—i) Time evolution of standard deviation of
e of carrier probability ¢{t) (blue color), and current j(t) (red color). The three column from
i 4a, sind 3h, respectively.

3.3. Dissipative BZ Dynamics

The operation and performance of a QED device can be affected
by its surroundings. In this study, the environmental impact is
madeled by coupling the BZOs system to a phonon system. The
extended Holstein model is constructed through equations of the
phonon system with frequency wo(l:lph) and the carrier—phonon

interaction with coupling strength g{f-‘fu?h}.
Fl,,, = wyblb, (23)

& vt = B9 2 af{aﬂ(gn +5;)

To solve the dynamics of this open quantum system, the Dirac—
Frenkel time-dependent variational principle is used in combina-
tion with the multi-D, ansatz,!**¢l detailed of the method is in
Appendix B.

The time evolution of the carrier probability (P (t. n)) is calcu-
lated through the multi-D2 ansatz, |D}), which is shown to be
a powerful toal in solving open quantum systems. Additionally,
the time evolution of the phonon displacement (X, (£, n)) is also
evaluated.

P (tn) = (D)|ala, DY) (24)

X,(t ) = (DY (1)[B], + b, |D¥(1)) (25)

© 2023 Wiley-WCH GmbH
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Figure 6. Linearly time-dependent gap tuning with 4 (¢} = ut. Time evolution of carrier probability in quas normenta space Pi(k kq) for linearly tuning
rate of a) v= 1, b) v =2, and ¢} v = 4. d—f) Time evolution of occupation probability of the lower (upp=1) band, P (8) {Py, (1)), denoted by blue (red)
line. g-i) Time evolution of standard deviation of carrier probability in real space « (f) (green color), meso <ilue of carrier probability cft) (blue calor),
and current j(t) (red color). Other parameters are hopping strength & = 24, external field strogth F = o lattice spacingd = 1
As seen in Figure 7, the carrier-phonon interaction can lead to meet commensurate condiLong, We also analyzed the motion of

the washing out of the periodic behavior of BZOs and the occur-
rence of dynamic localization when the qubit-phonaon coupling
is strong. We notice how the range of the colorbars increases with
g in Figure 7c,d, indicating a higher phonon emission rate for an
increasing qubit-phonon coupling strength.

4. Conclusion

In conclusion, we have conducted a comprehensive investigation
of the transient BZOs dynamics in a 1D qubit chain with a con-
trollable band gap. We considered several tight-binding models,
including BOs model and LZs model, and demonstrated the in-
terplay between the BOs and LZ transitions that is bridged by
the band gaps. Our findings showed that the energy offset be-
tween the Wannier—Stark energy ladders depends on the band
gaps, and we explored the impact of fine-tuning the gap values to

Ann. Phys. (Berlin) 2023, 2300701

2300101 (7 of 11)

the carrier in real space @1
time evolution of occupin
behavior of the moving w
linearly time-dependern |
periodic motion.

| quasi-momenta space, calculated the
¢ in the minibands, and captured the
¢ packet. Additionally, we proposed a
W 1o tune the gap and observed non-

Furthermore. we in the impact of the coupling of
the gubit chain with d s5 optical phonoens, and found
that strang coupling ¢ dilted in large phonon displace-
ments and localized cuvier wive packets, The interplay be-
tween BOs and LZ traisicons becomes complicated when mul-
tiple levels of LZ transitions are superimposed on the BOs
in latdce models with aultiple bands, and further work is
needed in this area. Cur study provides valuable insights into
the dynamics of the [Os in complex external felds, and

the results have important implications for future work in the

field.
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Figure 7. a,b) Time evolution of carrier jii ol vility P, (¢, ) for cases with carrier-phonon coupling strength of g = 2 and g = 4, respectively. c,d) Corre-
sponding time evolution of phonon displacziment Xon(t). Other parameters are hopping strength A = 24, external field strength F =1, lattice spacing
d =1, and commensurability condition of £ with & and s =

Appendix A: BZOs Dynamiﬁs with Consiant Gaps cisas. Conversely, if the wave packet is initially localized on a single site,
it results in a symmetric breathing mode for gap-free conditions and an
asymmetric breathing mode for non-zero gap conditions. This can be seen

The wave packets of the qubit states 1 typical Blo: tions in ; : :
gap-free situations if the wave starts a road Gaussian wave packet, 1:"3'-'"’-.5 r;'n and A2, which demonstrate the breathing mode for constant
whereas standard Bloch—Zener oscillation: take place 11 non-zero gap BRIEE eI,

.
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Figure A1, Tuning breathing mode Bloch-Zener oscillations with a single site initial condition. Time evolution of carrier probability P, (t, n) for tuning
gaps § from commensurability conditions with r being a) 2, b) 7. ¢) 4, d) 5. e) 6, f) 7, g) 8 and h) 9. Other parameters are hopping strength A = 24,
external field strength F = 1, lattice spacing @ = 1, ands= 1.
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n

Figure A2. Tuning breathing mode Bloch—Zener oscillations with a single site intial condition Time eve
surability conditions with r being a) 2, b) 3. c) 4, d) 5. e} 6, ) 7. g) B. and h) 9. Farameters are quite the

of 8, instead of &

Appendix B: The Time Dependent Variational
Approach for the Dissipative Bloch-Zener Model

B.1. Extended Holstein Model

The Hamiltonian terms related to phonons can be expressed in the
phonon momentum representation as

Figh= 3 wqblb, (81
q

Ag-ph=-N"7g 3" mqﬁ:ﬁ"(e""”ﬁq - e""f"B;) (B2)
ng

where a, is the frequency of phonons with momentum g, b, and o,
are the creation and annihilation operators of phonons with momeriium

g, respectively. ﬁ,"i and 54 can be expressed in terms of b, as follows

E: =N"'? Ee"‘f"ﬁl, bl = N2 Z e“’f”E; (H3)
] a

The transfer integral and the exciton—phonon coupling strength are repre-
sented by | and g, respectively. In this study, we are using the Einstain dis.
persicnless model, where all phonons have the same frequency, i, =
For simplicity, the energy unitis set to unity by choosing mg = 1.

B.2. Multiple Davydov Trial States

In this work, we employ the multi-D, Ansatz. It can be constructed as

M N
‘D?(ti)zzz%ln)lm (B4)
M N . )
= Z E 'anailo)e: exp {E [‘l'l'qb; = ;\:q.bq] } |0}ph
i on q

Ann, Phys, (Berlin) 2023, 2300101

The 1 lependent va
prabab 1 non di
site nu il i labeling
the |B2 (1)) An reduce:
parameters’ equations of

Frenkel variatioral princip

y N
Ila Ly
E ; Jrss — =0
dt thye g

for the multi-D; Ansalz, arrl

L = (6" . ~HID
= .:' ::U;'."(r
- [Fe3ii)

where the first term yields

i e Mg l - =
EI(;,, (15 10) )
=32 Z (w9

2300101 (9 of 11)
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aer probability P (t, n) for commen-
I those of Figure A1, except the usage

neters iy, and 4, for the exciton
s defined, with n representing the
uperposition state. WhenM =1,
{onal Davydov D, trial state, These
ciained by irplementing the Dirac—

(B5)

zrangian L is formulated as

(B6)

(B7)
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and the second term takes the form
(D3| Ao} )
= (D} (9]F1u[0}' ) + (D' (0|

+{D¥(1)| x| D3 ()

(B3)
where the Debye-Waller factor is formulated as
. 1 2. |
= { Sty 3 (1 + 1o ) } )
q
Detailed derivations of the equations of mution for the variational pa-
rameters are numerically treated by fourtli-orJer Runge—Kutta method.
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Electrical properties of twisted bilayer graphene exhibit angle-dependent characteristics,
sparking a thriving development in the field of twistronics. However, the application of quantum
dots (QDs) made of twisted bilayer graphene in single-electron transistors (SETS) remuains
largely unexplored so far. We here investigate the electronic propertics ol twisted bilayer
graphene QDs (TBG QDs) within a SET configuration. We compare the performance of
conventional and double-gated SET structures and find that the double-gated configuration
provides enhanced control over the electronic properties of TBG QDs. We analyze the influence
of rotation angles on the charge stability diagrams and observe that the linear and quadratic
gate-island coupling strengths generally decrease as the rotation angle decreases. Furthermore,
we quantify the effect of QD size on the charge stability diagrams and find that the size of the
diamond-shaped regions decreases as the TBG QD size increases. Results presented herein may
help pave the way for realization and application of TBG QDs based SET.

Supplementary material for this article is available online

Keywords: single electron transistor, twisted bilayer graphene, quantum dots

1. Introduction

Twisted bilayer graphene (TBG), a van der Waals hetero-
structure, has attracted widespread interest due to its tun-
able electronic properties, notably the emergence of flat bands
and correlated insulator states at the ‘magic angle’ [1]. In
the past three years, there has been a significant increase in
research on quantum dots (QDs) made of TBG. In recent
studies, Wang and Yang have explored the interlayer interac-
tion in TBG and its QDs, uncovering angle-dependent vari-
ations and contributions from different interactions, providing
insights into interlayer coupling and decoupling mechanisms
[2]. Moreover, they proposed a method to determine inter-
layer coupling strength in TBG QDs by analyzing electric
dipole polarizability, revealing the dominant role of interlayer

" Author to whom any correspondence should be addressed.

coupling in polarizability variation and highlighting its signi-
ficance even at small twist angles [3].

The investigation of TBG QDs with varying twist angles
and external electric fields has revealed the widening of size-
dependent band gaps through interlayer twist and the nar-
rowing of gaps through applied fields. Notably. the coup-
ling between twist and field induces an enhanced Stark
response, allowing for tunable band engineering of TBG QDs
[4]. Additionally, TBG QDs exhibit remarkably strong chiral
optical activity, surpassing that of semiconductor QDs and
small ¢hiral molecules, offering potential applications in chiral
nanophotonics [5]. Furthermore, the fabrication of graphene
QDs in TBG using nanoscale p—n junctions cnables the con-
finement of low-energy massless Dirac fermions and show-
cases the modification of clectronic states, highlighting the
unique interlayer coupling variations induced by graphene
QDs in TBG [6].

Investigations on circular bilayer graphene QDs reveal
the localization of low-energy states at AA-stacked regions

@ 2023 IOP Publishing Ltd
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and the closing of the encrgy  gap with edpe  states

under a perpendicular magnetic field, suggestine potential
experimental probing using seanning tunneling microscopy

[7]. PoI'arizulE(m-dcpemlunl selection rules have been exten-
ded to TBG QDs, offering a comprehensive atlas of optical
conductivity spectra and providing insights into size-scaling
behavior dominated by the twisl angle, enabling (he nunipula-
tion of optical properties for integrated carbon optoclectronics
[8]. Additionally, large-angle (wisting in sing le-layer sraphene
has been investigated, emphasizing the potential of adjust-
ing position symmeliry in graphene systems [9] Finally,
the dominance of interlayer polarizability and charge trans-
fer at small twist angles in TBG sheds fight on interlayer
coupling and charge transfer potential in graphenc-based
nanomalterials [ 10].

In summary, these studies contribute 10 our understand-
ing of TBG QDs, providing insights into interlayer coup-
ling, optical properties. band engineering, and charae transfer
mechanisms. These findings pave the way lor the development
of novel applications and devices based on TRG QDs.

The single-electron transistor (SET) is 2 nanosc ale device
that exhibits remarkable control over individual electron trans-
port and charge states |1 . At the heart of an SET lics an
isolated conducting island, which plays a crucial role in con-
fining and manipulating individual clectrons. The island must
Possess a low capacitance and exhibit adiscrete energy spec-
trum to enable the well-defined charging and discharging of
electrons [12].

The atomically thin nature of TBG QDs and their wn-
able electronic stucture provide a versatile platform for tail-
oring the energy Spectrum and manipulating electron-electron
interactions [13], Treating TBG QDs as the island of SET
offers several advantages. Firstly, SETs cnable the precise
manipulation and detection of single electrons, facilitating the
exploration of fundamenal charge transport propertics in TBG
QDs. Secondly. the strong electrostatic coupling between the
SET and TBG QD allows for the realization of robus func-
tionalities such as gdle-tunable spin qubits and QDs. Lastly,
the integration of SETs with TBG QDs holds imme s poten-
tial for applications in quantum computing [14]. quantum
information processing [15], and ultra-sensitive sensing [16].
However, SET configurations discussed before have not been
specifically designed for TBG QDs and cannot adequately
explore the electronic properties of TRG (Dg.

In this study, we propose and investigate o double-gated
SET configuration utilizing TBG QDs as the conducling
island. Our investigation into the electronic features of TRG
QDs within SET is conducted using density functional the.-
ory (DFT) and the density functional tight binding frame-
work (DFTB) [17-19]. The work is formulated as lollows:
In section 2, we provide details on the construction of
TBG QDs from commensurate TBG, the proposed double-
gated SET configuration, and the calculation methodology
employed. Section 3.1 focuses on the study of the influence of
conventional and double-gated SET environments on the elec-
tronic properties of TRG QDs. In section 3 2, we characterize
the electronic features, including the charge stability diagrams,
for varying rotation angles. Additionally. in seetion 3.3, we

Z Huang et a/

examine the size effect using the proposed device, Finally, we
draw conclusions in section 4.,

2. Methodolgy

2.1 System description

Utilizing the inherent versatility of TBG thin films with a
Moiré pattern, we Propose a path to study QDs with tailored
electronic characteristics. A TBG model is first constructed,
and then the desired QDs structure is extracted from it for
analysis,

Graphene, a 2D material with a hexagonal honeycomb lat-
tice, serves as the foundation for our study, To construct a
TBG model, we begin by depicting its lattice structure in
figure 1, Assuming the lattice constant ap, we define the
primitive cell basis vectors as a; = (ig—i,—i')ao and a; =

(%3, 1)an. To elucidate the TBG structure, we introduce super

cell basis vectors: £, = na; +(n+ 1)ay andt, = ~(n+1)a; +
(2n+ 1)ay, where n is a non-negative integer. Upon a clock-
Wise super lattice rotation by a twisting angle 6, the rotated
super cell assumes the basis vectors r,’ = (n+1)a; + na; and
ty = —na; + (27 + 1)a;. The rotation angle can be determined
by calculating the dot product of the super cell basis vectors:
08 (0) = i = Enttast,

Utilizing the aforementioned twist angle formula, we have
[abricated a TBG structure with the minimal surface area of
super cells, as depicted in figure 1(b). The twist angle of
TBG in the figure is 21.78°, which corresponds to the smal-
lest super cell area among various commensurate twist angles,
Details of TBG super cell are listed, as shown in table 1,
n is the index of the supercell, @ is the rotation angle, and
the number of carbon atoms in the supercell (N) is given
in the third row. After constructing the TBG structure, we
employed black circles to trim the graphene QDs along the
edges, thereby defining the boundary of the TBG flake to be
studied.

Circular QDs of varying radii were carved from the
obtained supercells, followed by hydrogenation at their bound-
aries to achieve sp2 hybridization and resolve the issue of
broken bonds. As shown in figure 2, a detailed analysis was
primarily conducted on four distinct sizes of QDs, consisting
of 26, 74, 122, and 146 carbon atoms. In order to investigate
the influence of twist angles, multiple QDs at different rotation
angles were analyzed for each size, with figure 2 illustrating
the case of 21,78°,

As depicted in figure 3, the setup of the SET comprises
gate electrodes, metallic source, drain, as well as a TBG QD
functioning as an isolated island. The transport process in
the SET is characterized by sequential tunneling rather than
coherent tunneling, Owing to the feeble interaction between
the TBG QDs and the source/drain electrodes, the charge
carrier traverses the configuration while preserving minimal
initial information, During this electron motion Stage, the
charge carrier mi grates individually from the drain electrode
to the source electrode through TBG QDs. Gate-t and Gate-b
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(a)

Figure 1. (a) Construction of a commensurate twisted bilayer
graphene. a; and a; denote lattice vectors characterizing the
primitive cell of graphene. #; (ff) and 15 (l;) represent the
corresponding lattice vectors for the original (rotated) supercell in
the process of constructing the twisted structure. A rotation angle of
@ is employed to achieve the formation of commensurate Moiré
patterns. (b) Top view of twisted bilayer graphene with twisting
angle of 21.78°. The blue diamond with solid line refers to the super
cell, and red circle with dotted line indicates the cutting edge of
quantum dots.

Table 1. A series of selected twisted bilayer graphene structures is
examined for quantum dots formation. The rotation angle, 6,,, is

. 3 1 -+
determined by the relation 6, = arccos( 243841 ), where n
represents a non-negative integer. The resulting number of atoms,
denoted as N, is given by N = 4 # (30> 4 3n + 1) in the unit cell of

corresponding Moiré structure.

n 0 1 2 3 4 5 6 7 8 9

6, 60° 21.78° 13.17° 9439 723° 6.01° 5.00° 4.41° 3.89° 348°
N 4 28 76 148 244 364 508 676 868 1084

Figure 2. Quantum dots made of commensurate twisted bilayer
graphene. The dots consist of (a) 26, (b) 74, (c) 122, and (d) 146
carbon atoms. The white dots refer to hydrogen atoms.

are used to modulate the electron affinity energies, thereby
enabling the regulation of electron transport and the opening
and closure of the conductive pathway.

%

Figure 3. Two types of single electron transistors struclures.

(a) Side and (b) top view ol conventional structure with a dielectrie
layer and bottom gate electrode (Gate-b). Side view of double-gated
structure with additional top gate (Gate-1) and sandwiched TBG QD
island of (¢) 26 and (d) 146 carbon atoms

2.2. Computational procedure

In the investigation of SETs using TBG QDs. electronic
properties have been extensively explored through DFT and
DFTB calculations. To account for electrostatic interactions,
SET simulations employed pseudo-potentials and additional
charges, effectively screening these interactions. The calcula-
tions were carried out using the QuantumATK package [18],
which fucilitated simulations employing methods of DFT,
DFTB. and the nonequilibrium Green’s function (NEGF)
formalism.

The DFI-NEGE  approach, initially applied to non-
equilibrium systems (20, 21], was employed and subsequently
further developed to consider cases under the standard equi-
librium condition |22, 23]. Within the NEGF-DFT frame-
work of Quantum Wise [17], charging energies of molecules
within SETs were invesugated. This approach has been
successiully applied 1o explore a viricly of single molecule
transistors [24-31|. Furthermore, the sell-consistent-charge
DIFTB method [19] was utilized to examine the electronic
properties ol TBG QDs within SETs.

These comprehensive calculations have yielded valuable
insights into the electronic properties of TBG QDs within
SETs. shedding light on their potential applications in elec-
tronic devices.

3. Results and discussion

3.1 Effects of SET structure

The SET structures. as depicted in figure 3 illustrate two dis-
tinet configurations. The conventional SET structure, depicted
in figure 3(a) consists ol source/drain electrodes positioned at
the lell and right side ol the device. A dielectric layer located
bencath the clectrodes has o dielectric constant of 10=, and a
thickness of 3.7 A. A gate electrode. denoted as Gate-b, with
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a thickness of 1 A covers the entire area beneath the dielec-
tric layer. The clectrodes are composed of metallic materjals
with a work function of 5.28 eV, specifically Au. Thicknesses
of both the source and drain electrodes arc 12 A along the A-
axis and the two electrodes are horizontally separated by 14
A along the C-axis. Along the B-axis. the height of hoth elec-
trodes is 7.3 A. The size of the conventional SET structure
is comparable (o previously reported graphene-based [32] and
silicon-based [33] nanopores.

In the current work, 4 novel double-gated SET structure s
proposed, as illustrated in figure 3(b). This structure incorpor-
ates another gate on top, i.e. Gate-1. Identical configuration is
used for both Gate-t and Gate-b. This setup couples the top
(bottom) gate to the up (down) layer of TBG QDs. thereby
amplifying the influence of twisting angles on the Iwo-layer
dots and device performance.

As depicted in figure 4 the charge stability diagram offers
a comprehensive portrayal of the electrostatic dynamics and
the conduction characteristics within a SET. In the event of
weak coupling between the TBG QDs and the source/drain
electrodes, sequential tunneling serves as the conduit for con-
duction, a process wherein an electron traverses from the
source (o the island hefore finally transitioning to the drain
to fulfill the conduction cycle. The coupling strengths of the
QD-source and the QD-drain primarily dictate the tunncling
rate. In the SET scenario where a substantial separution exists
between the source and drain, the ineoming charge carrier state
is approximately independent of the outgoing state. By meas-
uring a large amount of gate voltage V, along a fixed direc-
tion while sustaining a constant source-drain bias V. a pattern
of periodic peaks emerges, signifying the addition or subtrac-
tion of a charge carrier from TBG QDs. Executing this con-
tinuous measuring procedure within a balanced range of V,
would reveal diamond-shaped zones within the V, -V, plane.
a representation commonly referred to as the charee stabil-
ity diagram. Mathematical details on obtaining charse stabil-
ity diagram is outlined in the Supporting Information. Within
these diamond regions, no conduction is observed, and 1 unit
change in charge population is noted between adjacent dia-
monds. Consequently, SET configurations employing a range
of TBG QDs can yield charge stability diagrams with distinct
attributes,

Figures 4(a) and (c) exhibit the charge stability diagrams
corresponding to the single-gated configuration of the SET
illustrated in figures 3(a) and (b). Meanwhile, figures 4(c)-
(h) pertain to the double-gated SET configuration. In the left
column of figure 4, the QD utilized ay the island consists of
26 carbon atoms and POSsesses a rotation angle of 21.78°,
whereas the right column subfigures employ a QD with a rota-
tion angle of 9.43°. These two distinct angles are employed to
exemplify the influence of the rotation angle.

Figures 4(a) and (b) exhibit strikingly similar character-
istics, implying that the rotation angle in a single-gated SET
predominantly affects its performance. Regarding the inpact
of rotation angle on the charge stability diagram, a compre-
hensive investigation of this phenomenon is elucidated in the
supplementary information, providing detailed insights into its

Z Huang et af
(a) Single-gated SET, p=2],78° (b.l Single-gated SET, §=0.43°
= : B 5 = N R
< S ’
2 2
] B
€ £
g g
a a
8 8
3 =
o o
wn w

-1 0 1

3 -2 -1
Gate voltage (Volt)

0 7]
Gate voltage (Voit)

() Gate-t=Gate-b, #=21.78" __ (d)

g i s

: 3

£L£ £

< &

m

5 5

o o

= o]

3 5

D & a

=5 KT R T | %]
Gate voltage (Volt) Gate voltage (Volt)

(e)  Gale-=Gute-b - 4 Volt, g=21.78° (f)  Gate-t=Gate-b - 4 Volt, 0=6.430

2 : ' 2 i

: F

& a8

L £

m

5 5

@ @

v e

= 2

o o

W w

o T s | A5ine
Gate voltage (Volt) Gate voltage (Volt)

(gl _QES-.H? ‘f‘nlr. B=2 i.TI’fi"H (h)‘ Gate-t=0 Volt, B=9.43°

w w

L) <2

= o

JE £

£ g

= Lo

¢ g

=

; 5 RE

=1 -0 ‘1s0:3

ZFRIEs=y.
Gate voltage (Vait)

3
Gate voltage (Voit)

Figure 4. Charge stability diagrams of different configurations of
single electron transistors for quantum dots composed of 26 carbon
aloms are presented. The twisting angle for the first {(second) column
15 21,787 (9.43°), Single-gated structures are employed for (a) and
(b). while double-gated structures are utilized for (c)—(h). In the
second row, the gate voltage of Gate-t and Gate-b are set to be equal.
In the third row, the voltage of Gate-t is consistently 4 V lower than
that of Gate-b, In the fourth row, the voltage of Gate-t is held at
zero. The horizontal gate voltage in the figures corresponds to that
of Gate-b. The color scheme of dark blue, blue, green, yellow, red
indicates the number of charge states of 0, 1, 2, 3, 4, respectively.

effects. In contrast, when the gate voltage of Gate-t and Gate-
b are set to be equal in the double-gated SET, figures 4(c)
and (d) display visually distinct diamond sizes in the central
region of each pattern. Furthermore, if the voltage of Gate-t
consistently remains 4 V lower than that of Gate-b, figures 4(e)
and (f) illustrate the variation in size between gate voltages of

"0 and 25V in the middle region. Conversely, when the top

gate is grounded (i.e. Gate-t = 0), figures 4(g) and (h) exhibit
noticeable differences at the left and right boundaries around
a source-drain bias of 0V, This observation implies that the
rotation angle of TBG QDs exerts a discernible impact on the
charge stability diagram within the double-gated SET envir-
onment, Consequently, the double-gated SET configuration is
preferred for subsequent discussions,
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Figure 5. Detailed study of charge stability diagram for
configurations with Gate-t = Gate-b and 26 carbon atoms. Line
scans taken along (a) gate voltage with source-drain bias equal (o
zero and (b) along source-drain bias with max central diamond ( gate
voltage = 1.45V) for various twisted bilayer quantum dots.

(c) Normalized differential conductance with respect to source-drain
bias referring to (b).

Line scans at varying source-drain bias and gate voltage
values were conducted for the charge stability diagram to ana-
lyze the diagram’s characteristics. Behavior of double-gated
structure with Gate-t = Gate-b is shown here in figure 5, cor-
responding to diagram in figures 4(b) and (c). Analysis for
diagram of double-gated structure with Gate-t = Gate-b - 4 V
and Gate-t = 0V can be found in the Supporting Information.
Figure 5(a) exhibits periodic charge peaks in gate voltage
line scans, signifying charge additions or removals at a fixed
zero bias. Increasing the twisting angle results in a narrow-
ing of the gate voltage window, facilitating enhanced obser-
vation of charge states. In figure 5(b), line scans along the
source-drain bias reveal symmetric step-like features, indicat-
ing distinct island configurations and balanced tunnel barriers.
As the voltage increases from zero bias, transitions between
charge states occur, leading to Coulomb blockade and conduc-
tion blockages. The width of these plateaus provides valuable
insights into the charging energy of excited states. Notubly.
a decrease in the twisting angle enlarges the blockade region,
indicating a higher charging energy required to excite the TBG
QDs. In experimental settings, the charge stability diagram
is obtained through current/conductance measurements on a
voltage plane. Figure 5(c) displays the normalized differen-
tial conductance behavior derived from line scans, featuring
distinct conductance peaks corresponding to specific QD con-
figurations. The separation between adjacent peaks repres-
ents the non-uniform charging energy between consecutive
excited states for a given gate voltage. Negative conductance
peaks are observed in the negative bias region. Increasing the

(a) Single-gated SET (b)

Enermv (eV)

g=-2 q=1 =0 g=+1 g=+2

Q=2 g1 g=0 q=+1 g=+2

Figure 6. Molecular energy spectra of quantum dots composed of
26 curbon atoms and twisted at 6 = 21.78" are investigated for five
charge states under two distinet single eleetron transistor
configurations: (a) single-gated and (b) double-gated. These
investigations are conducted under the condition where the gate
voltage is sel o zero.

rotation angle narrows the source-drain bias window for con-
ductance observation, suggesting a reduced charging energy
required to excite the QDs. By compuring line scans along dif-
ferent bias/voltage axes, the effects ol the rotation angle can be
discerned.

lu the realm ol energy space, we have chosen the TBG QD
with a rotation angle of 21.78” and composed of 26 carbon
atoms within the SET as a representalive example for invest-
igating the electronic energy levels in various charging states,
as depicied in figure 6. Throughout the operation of the SET
device, the molecular energy specurum of TBG QDs main-
tains its inherent electronic structure. However, the energy
levels undergo distinet shifts to accommodate the net charges
entering or leaving the TBG QD. Specifically, when the TBG
QD bears a negative charge. the electronic energy levels shift
entirely downwards, whereas they shifl upwards as the charge
carrier moves away from the TBG QD. Figure 6(a) illustrates
a nearly lincar shilt ol energy levels in the conventional SET
configuration. In centrast, due to the combined electrostatic
effects from the double-gated SET environment, the energy
shift deviates from a linear trend as the charge state varies. This
behavior indicates the nonlinear boundaries observed in the
diumond-shaped charge stability diagrams of figures 4(e)—~(h).

Furthermore, it is worth noting that the device is capable of
operating at room temperature. Typically, the featured char-
ging energy must exceed the thermal energy of the charge car-
riers for Coulomb blockade to be observable. The charging
encrgy represents the energy needed to charge the TBG QD
with a single unitary charge. The energies employed for char-
ging the studied TBG QDs are sufficiently high to prevent
electron transport induced by thermal fluctuations. As a result,
the SET device can function effectively across a wide temper-
ature range, mncluding room temperature.

3.2. Impact of rotation angles

The rotation angles of each TBG QD employed as the SET
island have an important effect on the performance of the SET.
In this section, we further investigate the effect of rotation
angles on the system.
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Table 2. Linear gate coupling strengths between gates and 1sland
quantum dots (26 carbon atoms) of double galed SET
configurations.

Linear gate-island coupling strengthia)

Rotation

index n Gate-t = Gate-b  Galesl = Gae-b -4 Gafe-| = 0
0 0.801 097 (L8301 109 (L4 6T
1 0.800487 0.800529 (.400419
2 ).800426 0.8000 4541 0400377
3 0.800 329 0.800 3409 0400314
4 0.800 238 0.800 255 0.400 261
5 0.800 171 0.800 185 0.400 224
6 0.800 120 0.800 133 0,400 174
7 0.800083 0.800 095 0.400 194
8 0.800 052 0.800 D64 0.400 156
9 0.800 027 0.800038 0400 144

To comprehend the underlying electronic propertics of
TBG QD-based SET, we examine how the total energy
depends on the gate elecirode. Through DFT and DFTB cal-
culations, we obtain the total energies of the TBG QD in the
SET scenario for many charge states. Rased on these obtained
energies, a quadratic function can be fii appropriately using
following expression:

E(q.Ve) = Eo+gW+ gV, + 3 (cV,)? (1

The above energy expression consists of several terms. The
first term, Ejp. corresponds to the zeroth-order term and repres-
ents a constant energy component. The second term., denoted
as gW, represents the reservoir energy, where ¢ denotes the
charge of the TBG QDs. and W represents the work function
of the electrode. In our simulations, a value of W = $.28 eV
is adopted, being a characteristic value for a gold electrode.
To account for the direct coupling between the TRG QD and
the gate electrode, the third term in equation (1) is included,
This term is proportional to the charge ¢ on the QD and exhib-
its a linear relationship with respect Lo the gate voltage V,. The
strength of this linear coupling is denoted as v, which depends
on the spacial relation between the TBG QD and the gate. spe-
cific to the molecule under investigation, The fourth term in
the energy expression has nothing (o do with the charge state
and exhibits a quadratic dependence on (he gate voltage V,.
This term captures the contribution of electrical polarization
influenced by an electric field. The quadratic coupling strength
is represented by /. To determine the values of the coupling
strengths, namely o and 3, we perform a least squares fit to
the total energies obtained from the DFT/DFTB calculations.
This fitting procedure allows us (o estimate the optimal val-
ues of the coupling strengths that best describe the system’s
behavior in our model. The coupling strengths corresponding
to various rotation angles are listed in tables 2 and 3.

Observations reveal that both the linear and quadratic gate-
island coupling strengths generally decrease as the rotation
angle decreases. This finding suggests that the influence of
electrical polarization in the charge stability diagrams of
double-gated SET devices depends on the specific rotation

Table 3. Quadratic gate coupling strengths between quantum dots
(26 carbon atoms) and gates of double-gated SET configurations.

Quadratic coupling strength(8(eV™—"))

Rotation

index » Gate-t = Gate-b  Gate-t = Gate-b - 4 Gate-t =0

{] —0.001 757 —0.003 188 —0.019021
| —0.001 765 —0.003 457 —0.020454
2 —0.001 765 —0.003 292 —-0.019669
1 —-(.001 772 —0.003 247 —0.019370
4 —-0.001777 —0.003 231 -0.019231
5 —0.001 782 —0.003 224 —0.019158
6 —0.001 786 —0.00322 —0.019 086
7 —0.001 789 —0.003219 —0.019114
8 —0.001 792 —0.003218 —0.019 066
9 —0.001 794 —0.003218 —0.019053
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Figure 7. Charge stability diagrams of twisted bilayer graphene
quantum dots of various sizes with (a) 26, (b) 74, (c) 122, and

(d) 146 carbon atoms under double-gated single electron transistor.
Gate voltage condition of Gate-t — Gate-b is used. The rotation
angle for all cases is fixed at 21.78°. The number of charge states of
4.3.2, 1,0, are represented by the color of red, yellow, green, blue,
and dark blue, respectively,

angles of the studied TBG QDs. Consequently, this further cor-
roborates the suitability of double-gated SET configurations
for the identification and characterization of TBG QDs.

3.3. Effect of QD sizes

In this section, we thoroughly investigate the charge stability
diagrams of TBG QDs with varying sizes within a double-
gated SET configuration. Specifically, we examine TBG QDs
comprised of 26, 74, 122, and 146 carbon atoms, as illustrated
in figure 7. The gate voltage condition employed is Gate-t =
Gate-b, indicating that the potentials of the top and bottom
gates are sel to be equal.

By carefully analyzing these charge stability diagrams, we
observe a clear reduction in the size of the diamond-shaped
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Table 4. Linear gate coupling strengths between gates and various
island quantum dots of double-gated SET configurations with Gute-t
= Gate-b.

Linear gate-island coupling strength(a)

Rotation

index n 74 C atoms 122 C atems 146 C atoms
0 0.853411 0.882212 0.951942
1 0.853 446 0.881428 0.951 879
2 0.853218 0.881672 0.951 870
3 0.853 049 0.881709 0951818
4 0.852925 0.881 683 0.951 770
5 0.852 842 0.881 654 0.951 734
6 0.852783 0.881 631 0.951 707
7 0.852741 0.881613 0.951 688
8 0.852 708 0.881596 0.951 674
9 0.852 682 0.881582 0.951 662

regions as the TBG QD island increases in size. This reduc-
tion can be attributed to the suppression of energy levels as
the number of atoms within the nano clusters grows.

Additionally, we investigate the linear and quadratic gate
coupling strengths between the gates and the TBG QD islands
composed of 74, 122, and 146 carbon atoms. As presented in
tables 4 and 5, we find that these coupling strengths decrease
as the twisting angles become smaller. Remarkably, for cach
twisting angle investigated, the linear gate-island coupling
becomes stronger as the size of the TBG QD increases.

In addition, graphene QD-based single-electron transistors
in van der Waals hybrids have attracted considerable attention
in recent studies. Noteworthy achievements include the fabric-
ation of graphene QDs with varying diameters, ranging [rom
60 to 350 nm [34], exhibiting charging energies of approx-
imately 3 meV [35]. Additionally, an Al nanocluster/MoS2
device with a 250 nm channel length demonstrated a char-
ging energy of 4 meV [36]. Investigations have also explored
the size distribution of Ni grains and graphene domains on
substrates, ranging from a few micrometers to nearly 100
psm [37]. Hybrid structures comprising graphene QDs on
hexagonal boron nitride layers, with dot sizes of 13 nm, exhib-
ited intriguing single-electron charging effects [38]. Present
research focuses on simulating QDs with diameters and chan-
nels smaller than 4 nm, resulting in charging energies span-
ning 0.5 to 3.5 eV. These energy ranges stem from the sig-
nificant energy gap between the highest occupied molecular
orbital (HOMO) and the lowest unoccupied molecular orbital
(LUMO) of the QDs. Simulations aim to meet the demands of
ongoing experiments by considering large-scale QD systems.

The charge stability diagram plays a crucial role in invest-
igating single-electron charging phenomena. Prior studies
utilized the orthodox method to simulate the charge stabil-
ity diagram of an Al nanocluster/MoS2 device [36], suiled
for metallic nanoclusters of around 10 nm. However, the
discrete energy spectrum exhibited by the islands in our
cases precludes the orthodox method, as these islands lack
metallic behavior. Thus, an alternative simulation approach
based on first-principles calculations of the molecule’s total

Table 5. Quadratic gate coupling between various quantum dots
and gates of double-gated SET configurations with Gate-t = Gate-b.

Quadratic coupling strength(#(eV "))

Rottion

index i 74 C atoms 122 C atoms 146 C atoms
] —0.006 352 —(.010347 —0.002 266
1 —0.006 280 —-(L010316 —0.002 264
2z —0.006 281 —(.010340 —0.002 253
3 —0.006 295 — (LU0 374 —0.002 249
4 —0.006 309 —0.01040] —0.00225
5 —0.006 320 —(.u1 042 —0.002 251
6 —0.006 329 —0.0110434 —(.002 253
1 —0.006 335 ~(LO10444 —0.002 254
8 —0.006 340 —{.010452 —0.002 255
9 —0.006 344 —(L.010459 —0.002 255

energy within an electrostatic environment was employed
[17]. Although the current method has limitations in accur-
ately capturing quantum capacitance and transmission pro-
cesses between the source/drain and islands, future endeavors
aim 1o integrate orthodox theory with quantum chemistry cal-
culations for precise simulations ol molecular-level single-
electron transistors.

Moreover, the observation in graphene that quantum capa-
citunce is directly proportional to its density of states high-
lights the relationship between these two quantities [39).
However. when it comes to precise measurement and simu-
lation of capacitance in TBG QD based SETS, the presence of
non-uniformly spaced energy levels in TBG QDs necessitates
the development of novel approaches [40]. These approaches
are essential to accurately capture the capacitance behavior
in TEG QDs and facilitate comprehensive understanding and
analysis of their electronic properties.

4. conclusion

In conclusion, we have investigated the electronic proper-
ties of TBG QDs within a SET configuration. We compared
the performance of conventional and double-gated SET struc-
turcs and found that the double-gated configuration provides
enhanced control over the electronic properties of TBG QDs.
We identificd the influence of rotation angles on the charge
stability diagrams and observed that the linear and quad-
ratic gate-islund coupling strengths decrease as the rotation
angle decreases. Moreover. we quantified the effect of QD
size on the charge stability diagrams and found that the size
of the diamond-shaped regions decreases as the TBG QD
size increases. Our findings provide valuable insights into the
electronic properties of TBG QDs based SET and demonstrate
the potential of realization of the configuration. Further studies
are warranted to explore the unique interlayer coupling vari-
ations induced by TBG QDs under SET environment and the
crossover [rom sequential transport 1o coherent transport.
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Abstract

Recent developments in qubit engineering make it St cunntum electrodynamics devices
promising candidates for the study of Bloch oscillations (30s) and Landau—Zener (LZ)

transitions. In this work, a hybrid circuit chain with alter “tin s site energies under external electric
fields is employed to study Bloch—Zener oscillations (BZ0s), i.c. coherent superpositions of BOs
and LZ transitions. We couple each of the tunable qubits in the chain to dispersionless optical
phonons and build an extended Holstein polaron model with the purpose of investigating vibronic
effects in the BZOs. We employ an extension of the Davy lov ansatz in combination with the
Dirac—Frenkel time-dependent variational principle to simulate the dynamics of the qubit chain
under the influence of high-frequency quantum harmonic oscillators, Band gaps emerge due to
energy differences in site energies at alternating qubit sites, and are shown to play key roles in
tuning band structures and time periodic reconstructions of the wave patterns. In the absence of
qubit—phonon interactions, the qubsits undergo either standard BZOs or breathing modes,
depending on whether the initial wave packet is formed by a broad or narrow Gaussian wave
packet, respectively. The BZOs can get localized in space if the band gaps are sufficiently large. In
the presence of qubit—phonon coupling, the periodic behavior of BZOs can be washed out and
undergo dynamic localization. The influence of an ohmic bath on the dynamics of BZOs is
investigated by means of a Markovian master equation approach. Finally, we calculate the von
Neumann entropy as a measure of the entanglement between qubits and phonons.

1. Introduction

Bloch oscillations (BOs) and Landau—Zener (LZ) transitions are two fundamental phenomena in quantum
mechanics associated with coherent transport of quantum particles and waves in periodic media under
external driving forces [1, 2]. In periodic potentials, there are continuous Bloch band structures and
delocalized Bloch eigenfunctions that are uniformly distributed over the whole system, When an electric
field is introduced in the form of a direct current (DC), the qubit chain exhibits discrete localized
eigenstates that receive the name of Wannier—Stark ladders [3, 4]. In the absence of scattering and
dephasing effects, BOs refer to the periodic motion of charged carriers in reciprocal and real space [5].
When the variation of a linear potential due to a superimposed field is comparable with the smallest

gaps to an adjacent band, the LZ transitions emerge and carriers may successively tunnel to higher-order

® 2021 The Author(s). Published by 10P Publishing |id on behalf of the [nstitute of Uhysics and Deutsche Physikalische Gesellschaft
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bands [6, 7]. Coherent superpositions of BOs and LZ transitions receive the name of Bloch-Zener
oscillations (BZOs) [5—1(]or Landau—Zener—Bloch oscillations [ 0], and have found applications in
various fields, including quantum optics [ 11], solid-state physics [12], or atomic and molecular physics
[13]. In fact, BZOs have already been directly observed in a variety of systems, such as light beams in
two-dimensional, square photonic lattices [?], light waves in optical, binary superlattices [11], or rubidium
Bose—Einstein condensates [14], to name a few.

In recent decades, a growing interest has been paid to tunable platforms that are based on circuit
quantum electrodynamics (QED) because of their high-precision control, scalability, and long decoherence
time [15]. For these reasons, the application of circuit QED setups as quantum simulators may provide
relevant insights into the fundamental problems of quantum mechanics [ 11-33]. These circuits can be
implemented on various physical platforms, ranging from an individual artificial atom, to one- and
two-dimensional lattices | 34, ' °]. Versatile platforms can meet requirements of universal quantum
computations and can be designed for specific quantum simulation tasks [36]. More importantly, rapid
progresses in circuit QED devices have opened the door to the investigation of the interplay between BOs
and LZ transitions, which is the focus of this work. Recently, several QED experiments have been dedicated
to the analysis of BOs. In 2017, Ramasesh ef al realized Bloch-oscillating quantum walks in a circuit QED
protocol which is formed by a transmon qubit and a superconducting cavity mode [37]. Bahmani et al
theoretically proposed a one-dimensional chain of coupled resonant circuits to probe the BOs and
Wannier—Stark ladders [78]. Guo et al demonstrated the presence of BOs on a circuit processor of 5
superconducting transmon qubits [39],

Circuit QED experiments have also been performed to investigate LZ transitions. Izmalkov et al
observed in 2004 the LZ transitions in a macroscopic circuit composed by an Al three-junction qubit and a
Nb resonant tank [40]. Johansson ef al measured the LZ transitions on an individual flux qubit within a
superconducting chip of device qubits [41]. Hinggi and co-workers studied the the LZ transition
probability at long times in circuit QED [42]. Neilinger et al demonstrated the LZ transitions in two
experiments utilizing circuit QED arrangements with two types of superconducting qubits: the flux qubit
on the basis of conventional Josephson junctions, and the phase-slip qubit based on niobium nitride
nanowires [43], Coherent transport in the BZOs can therefore be investigated by employing a circuit QED
configuration.

Nevertheless, the quantum states of the qubits in the circuit QED platform will inevitably be affected by
surrounding environments. The interaction between qubits and their environments has been probed in a

variety of circuit QED setups [ 14—, Dissipative effects and the interaction between BOs, LZ transitions
and phonons can be studied in hybrid circuit QED setups that incorporate for example mechanical
resonators or microwave cavities [47, 45]. O’ Connell et al realized single-phonon control in a

microwave-frequency mechanical resonator coupled to a flux qubit [49]. Riedinger et al demonstrated the
correlated photon—phonon pairs based on a Duan-Lukin~Cirac—Zoller protocol [50]. Manenti et al
measured average coherent phonon populations in a circuit QED architecture containing a superconducting
qubit coupled to a surface acoustic wave cavity via piezoelectric effects [51]. In spite of these experimental
efforts, the influence of quantized oscillators in the dynamics of BOs and LZ transitions is yet not fully
understood.

A variational method that employs a multi-mode representation of a Davydov ansatz called multi-D2
has been developed for the simulation of open quantum systems with applications to fermions and bosons
[52, 53]. Here, the accuracy of the variational ansatz is increased by adding more modes until the value of
the errot, a measure based on a geometrical intepretation of the variational manifold, is maintained below a
desired accuracy. In that respect we say that the method is numerically accurate within the theoretical
model of the system. The method has been applied to a multitude of systems, including a Holstein model of
polaron dynamics in the presence of external fields [54-56], phase transitions in the spin-boson model [57]
or singlet fission model [ #], a dissipative LZ model that is based on QED protocols [41, 59] and other
investigations in quantum optics [0, 61].

In the present work, we employ the aforementioned multi-D2 ansatz to perform numerically accurate
simulations of BZOs in a one-dimensional model of a qubit chain with alternating site energies under the
influence of a constant electric field and proton. Our focus here will be the interaction between the qubits
and the high frequency, optical phonons that have an intramolecular origin. The remainder of the paper is
organized as follows. [n section 2, we show the model Hamiltonian and explain the properties of the
multi-D2 ansatz as the trial wave function. In section 3.1, the energy structures and transitions of a purely
electronic qubit chain is studied. In section *.7, the effects of different initial conditions and band gaps on
the BZOs dynamics of a free excitation are investigated. In section 3.3, the effects of undamped,
high-frequency phonon modes on the BZOs dynamics are studied. Finally, the influence of dephasing
Ohmic bath on the dynamics of BZOs is examined in section 3.4. Conclusions are drawn in section 4.
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2. Methodology

2.1. Model

An schematic of the one-dimensional quantum circuit used in this work is shown in figure 1. The qubits are
gap-tunable and the site energies of the model can thus be controlled [+2]. The signs (© in qubitj — 1 and
& in qubit j illustrate that the magnetic fluxes at consecutive sites point at opposite directions, which also
affects the sign of their site energies. The magnetic flux ¢,(1) represents an external driving force acting on
the qubsit array. The resultant biperiodic potential serves as an ideal platform for the investigation of BZOs
[8]. The Hamiltonian of the one-dimensional qubit chain schematically shown in figure 1 is given by

-
FA

" H

oo = I3k (@i + fumi) + 5 (=Dl + FY nalan, (1)
n

where J is the nearest-neighbours hopping integral, 0 is the difference in the site energies at alternating sites,
F denotes an external electric field, a,(a,) is the annihilation (creation) operator of the electronic excitation
at site 1, and the distance between neighbouring sites is set to unity for simplicity. Periodic boundary
conditions can be introduced by bending the linear array into a ring structure, leading to discontinuities in
the applied electric potential at the boundaries due to the constant nature of the external field (DC-current)
(4]. Thanks to the usage of a gauge transformed vector potential, A(1) = —F4, this discontinuity problem
can be avoided [63], and equation (1) can be recast as [ollows

Hy=- }Zaj, Claldr E S T B Z(-— 1)"al . (2)

"

Taking into consideration the high-frequency optical phonons at cach site, the Hamiltonian of the complete
electronic-vibrational (vibronic) system can be written as

JH = Hq“ -+ ﬁ-ryh e E:{.tu--plv (3}

These undamped high-frequency phonon modes have heen shown to strongly influence the excitation
transfer and optical properties of organic semiconductors, photosyn thetic molecular complexes [64], and
qubit-resonator systems [65]. The phonon Hamiltonian Fly, and qubit-phonon coupling Hamiltonian

Hgu-ph terms take the following form

Ay = S @
"
Hqu“'r‘!' R _gi‘*‘:“T“"‘:rf‘F-‘f .lrh“ -+ 'lrea\)ll ¥ (5)
A \

where g is the diagonal qubit—phonon coupling strength and b, (1) denotes the annihilation (creation)
operator of the phonons with site . Next we transform the bosonic operators from real space to
momentum space by expanding them in a Fourier seris

er! — N~ ]I\:‘“Cirprb:l‘ j}|:|
n

. :\.--:I.-'!Zc 1'r|lrl£-,JL1 (6)
L)

and rewrite the terms f:fqu, Hqu_ph of the Hamiltonian as [ollows,

f‘fph = \'A.-',JEJ,TII-J,F, {7)
q
f:fqu—ph = =N~ lﬂth»‘,.l.tif',r’?” ((.’LIHEJ,‘- +e 'i'T"EAJE]) ; (8)
1y

in which w, is the phonon frequency of the mode with momentum . Here we use dispersionless, Einstein
phonons with wg = wo, and set the value of wp to unity as the reference energy scale of this work. It

is noted that the phonon related terms (equations (4) and (5)) in this work are the same with those in the
standard Holstein model, which can be writlen as Hrtiseein = —J 2,81 (Bt + ay—y) + wuzﬂﬁﬁf?,, B

gWo Y, ahan (f)n + frf,) and describes non-interacting electrons in a one-dimensional lattice coupled to
dispersionless phonons [66, 67]. The electronic terms in our work describe one electronic excitation ina
double-band lattice under the external constant field, and is an extension of the electronic parts of the
standard Holstein model. Therefore, our maodel can be treated as a type of extended Holstein model in
terms of the Holstein language. In the Holstein system, a bare electron is dressed by a cloud of bosonic
excitations, and form a quasiparticle called polaron. Polaron dynamics in the Holstein model have been
continuingly studied using the following variational method [32-5¢].
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Figure 1. Circuit diagram of the device.

2.2, Multi-D2 ansatz
The variational ansatz that we employ in this work is the multi-D2 Davydov ansatz [52, 55, 56], a
superposition of electronic excitations and coherent states that takes the following form

M N

M N
DY) =D v ln) 1A = Z > i} [0), exp{ > [A,;,Bf}, = A;qiaq] 10) s )

| i q

where M is the multiplicity of the ansatz and measures the number of different coherent states per site and i
labels the ith coherent state. vy, € T denotes the time-dependent excitation amplitude of the nth qubit and
Aig € Cis the phonon displacement of the gth mode. The time evolution of the time-dependent variational
parameters (u; = 1;,, Aj,) are determined by the Dirac—Frenkel time-dependent variational principle

d /oL ar
dt (a,;;) P D (10

where the Lagrangian £ is to be found in appendix A. The integration of equations of motion for the
variational variables u; can result in numerical instabilities [57]. An apoptosis procedure has been
implemented to circumvent the singularity problem of the numerical solver that makes the multi-D2 ansatz
a rather stable tool in the study of polaron dynamics [6&]. Using this ansatz, we can provide numerically
stable and accurate dynamics for both electronic and bosonic degrees of freedom. The validity of the
variational approach has been extensively investigated and confirmed in previous works [41, 52, 55). The
accuracy of the multi-D2 ansatz is again certified in this work for sufficiently high multiplicity M. More
details on the accuracy test can be found in appendix .

Observables of interest include the time evolution of the excitation probability of the qubit state,
Py (t, n), and the time evolution of phonon displacement, Xp; (1, 1), as follows

Pyu(tyn) = (DY () [aha| DY (1)),
Xan(t,n) = (DY (1) |B, + ba| DY (1)).
In the presence of the external electric field, the current of the composite system can be described as
j0y= (DY ()| D" (€4 al @ — hc) DY (1))
"

Furthermore, the expected value ¢(t) of the excitation’s position is utilized to characterize the centroid of
the wave packet, and the standard deviation of the excitation wave packet o(¢t) is used to describe how far it
moves away from the origin,

N

elr) = Z 1Pty ),

N (12)
Gty = Z (n— c{!})zf’qu[hn).

The shape of the initial standard deviation ¢ has a significant impact on the mean value ¢(t) of the
excitations’ position [25]. Based on the multi-D2 trial state, the qubit energy, phonon energy,



Z i—iuang etal

qubit—phonon coupling energy, and total energy of the system can be respectively written by

Equ(t) = (D3 (¢) [Hou| DY (1)), (13)
Epu(1) = (DY (1) |Fpn | DY (1)) (14)
Equcph(t) = (DY (£) [Hou-pn| DY(0)) s (15)
Ein(t) = Equ(t) 4 Epn (1) + Eqy phlt) (16)

In order to better characterize the effects of phonons on the qubit system, the bipartite quantum
entanglement is investigated. In particular, we calculate the von Neumann entropy as a measure of the
amount of entanglement between the qubil system and the optical phonons [69]. The time evolution of the
von Neumann entropy can be written as

Sn(t) == '.:pqn (1) In prqu (1)), (17)

where the reduced single-excitation density matrix, Pau (1) = Trpn p (1), I8 the partial trace of the full density
matrix, p (1) = [DY (1)) (D' (#)|, by tracing over the environmental phonon degrees of freedom at time t.

3, Resultsand disscussion

3.1. Spectral properties of BZOs phenomenon

We start by discussing the spectral properties, band structure and miniband transitions of the Hamiltonian
of equation (1). We consider the Hamiltonian (1) in the Bloch representation to study energy properties in
the reciprocal space. In this representation, the electronic ground state of the periodic system is usually
described in terms of extended Bloch orbitals, simultaneous eigenstales of the periodic Hamiltonian and of
the direct lattice translations. In the absence of an external electric field (F = 0), the eigenenergies are given
by

En.k e

1) /62 + 16/% cos? (K), (18)

where p = 0,1 is the miniband index, kis the wave vector index, and 11 = sgn(d). The electronic band
structure in a reduced Brillouin zone of the qubit Hamiltonian of equation (1) in the absence of an external
field or coupling to vibrations is shown in figure 2(a) for ] = 0.2, FF= 0 and g = 0. The energy difference
between alternating sites & is equal to the energy dilference between two minibands at the edge of the
Brillouin zone. The case when the chain is energetically homogeneous (4 = 0), a Bloch band of width 4] is
formed, as shown in the black curve of figure 2(a) (plus sign markers). When an energetic bias is
introduced & # 0, a pair of minibands separated by § emerge at the edge of the Brillouin zone, as shown in
figure 2(a) for various values of 9.

In the presence of an external field (F # 0), the transition matrix elements of Hg, between minibands
p = 0,1 with momentum k, K can be expressed as (¢ v HL]L. [ rir{;‘k) = Tifx (k - k'), where |¢,,x) represents
a Bloch miniband . of momentum k and the delta function o (k — k') ensures that only direct interband
transitions take place. The integrated transition matrix element Ty is

{4F]S sin(k)el®

e (kye®
* 267 + 32J2 cos? (k)

(19)

Transitions occur mainly around the edge of the reduced Brillouin zone and, due to the large energy
difference between minibands, almost no transitions take place at the center of the zone. This effect has
been verified in experiments [].

As an example, we take the value J = 0.2 for the electronic coupling strength between qubits in an
external electric field F = 0.1 to study the transition amplitudes Ty, whose absolute value is shown in
figure 2(b). The case with the smallest encrgy difference between consecutive sites (§ = 0.2287) exhibits the
largest values, while the transition amplitudes vanish for a gap-free case. In the Wannier representation, the
solution to the eigenvalue problem H qu [¥en) = Evn [t} in @ two-band model of the qubit chain gives
rise to Wannier—Stark states |1,,,) that are indexed by what is known as the mini-ladder index v = 0,1 and
are 2n periodic in the lattice. The two energy ladders are equally spaced and have an energy offset of 2E(0),

E[er == Eﬂta) =+ ZHF;

Eyy = —Eo(8) + (2n + 1)F. (20)

The spectrum of E,, () is shown in figure 2(c) and an enlarged plot at zero energy is also shown in
figure 2(d). The orange curve in figure 2(d) corresponds to the results of a numerical simulation with
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Figure2. (a) Dispersion relation of Hamiltonian () without an external field for | = 0.2, F = 0, g = 0. The Bloch bands for
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|T¢). (c) The ener gyhddm, of E,,(d) versus 0 . (d) Enlarged energy spectrum of (¢)

ladder index v = 0 at the Oth site (n = 0). For the single band case of § = 0, the BOs have a time period of
Ty = 2mh/F [70]. When & # 0, the excitation undergoes BZOs as a combined phenomenon involving both
BOs and LZ transitions [ 14]. The time periodicity of BZOs is dominated by the LZ transition, and the time
period is usually expressed as Tz = 5Tz = 1Ty, with r,s € N and T,, is known as the reconstruction
period, and reference [ 16] describes these time periodicities in great detail. The energy spacing between the
Wannier—Stark ladders is reflected in the period of the LZ transition Ttz = 2wh/(F — 2Ey(6)). The
reconstruction period is T,. = 7w/i/F = Ty /2 because the size of the reduced Brillouin zone for § 5 0 is half
of that for § = 0. When E;(d) = 0, we can obtain a relation of Tgz = 2T, = Tjg.

3.2, BZOs dynamics of a free excitation
Next we investigate the dynamics of BZOs under a wide range of parameters. We remark how the sensitive
dependence of electronic dynamics on the energy difference between consecutive sites § can be exploited to

manipulate the evolution of the wave packet. For simplicity, we assume that the initial wave packet in the
qubit chain is shaped as a Gaussian function of the form

= z:t:',,a,’;;{hqu 0),,, = ZC exp (

m
in which C represents a normalization coeflicient and oy is the initial standard deviation of the Gaussian

wave function [55]. We shall assume thereon that the initial state is centered at the site n = 0, with zero
momentum,.

[P (¢ = 0))

—n[403) a}10) 4, [0) 5, (21)

We start by studying the purely electronic case in the absence of phonons. Figure 3 shows the excitation
dynamics for various values of 4 and a broad initial state of spatial width oy = 2. When the qubit chain is
energetically homogeneous (§ = () we obtain the distinctive pattern of BOs with oscillation of the
center-of-mass and essentially constant wave shape, as shown in figure 3(a). When an energetic bias is
introduced § # 0, interband tunneling induces coherent superpositions of BOs and LZ transitions. As the
LZ transitions take place mainly when the wave packet is close to the boundary of the energy band,
transitions zones can be characterized at times t = Tyz /4 and 3Tz /4 in one Tyz period. Before t = Tpz/4,
the wave packet mainly propagates in a lower miniband and the travelling direction is orthogonal to the
band curve. At Tgz/4, part of the wave tunnels to a higher miniband and travels along different spatial
paths. Around 3T}z /4, the LZ transitions occur again and the two branches are combined to reconstruct
the original wave shape. The BZOs pattern is most obvious in the case of § = 0.2287 where the interband
transitions dominate, as shown in figures “(b}) and 3(b). As depicted in figures 3(c) and (d) for § = 0.5772

6
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Figure 3. Time evolution of a broad Gaussian wave-packet with standard deviation 7, = 2 in the absence of phonons, The
excitation probability of the qubit state P, (1, n) is shown for the free excitation ease with ] = 0.2, g = 0 and F = 0.1 and various
values of the energy difference between consecutive sites (a) & =0, (b) 6 = 0.2287, (c) § = 0.5772, and (d) § = 0.8301. The time
unit tyz and ty denotes the time period of BZOs and BOs, respectively, N = 30 is used in the calculations.

and 0.8301, the wave packet starts to get localized for higher values of 9, although the characteristic
structure of BZOs can still be inferred. Further localization of the wave packet ensues as §/J ~ 1, as shown
in more detail in appendix

In addition to the initially broad Gaussian wave packet, we also consider a narrow initial state in figure 4
with standard deviation ag = 0.1. Here, the wave packet is initially localized at site n = 0. When the chain is
energetically homogeneous (4 = 0), the characteristic motion of a breathing mode is shown in figure 4(a).
The wave packets widen and shrink in space around the origin ina symmetric manner with precise time
periodicity. The dynamics of the qubit chain in the presence of an energetic bias 6 # 0 is shown in
figures 4(b)—(d). Interestingly, the spatial symmetry 1s destroyed, while the temporal periodicity is
preserved. The localization effects are also clearly shown in the plots with large values of 4. In addition, we
show in figure 5 the time evolution of various observables of interest, such as the mean value of the position
of the excitation ¢(t), the standard deviation of the initial state ¢(t), and the currents j(t). For the broad,
Gaussian initial condition, the values of ¢(f) in the case of BOs is larger than those of BZOs as shown in
figure 5(a). The case of § = 0.2287 has the largest displacement o(t) due to its stronger tunneling, as shown
in figure 5(c). We show in figure 5(e) that the amplitude of the current j(¢) gets reduced and oscillations
become more prominent as the energetic bias d is increased. When the particle is initially localized at the
origin as in the case of a narrow Gaussian wave packet, the center of the wave packet oscillates for cases with
nonzero 8, as shown in figure 5(b), the amplitude of & (t) decreases as d increases, and the current j(t) is no
longer equal to zero for cases with 0 # 0, as shown in figure 5(e).

3.3. Effects of the optical phonon

In this subsection, we proceed to investigate the BZOs dynamics of the qubit chain in the presence of
dispersionless optical phonons, using the linear, vibronic coupling model described by the extended
Holstein Hamiltonian of equation (). In all following simulations, we take 6 = 0.2287 as the energy
difference between consecutive sites as we did in the purely electronic case for an initially broad or narrow
wave packet in figures 3(b) and 4(b), respectively. This value of § is chosen so that Tgz = Tg. In addition we
fix the number of sites to N = 30, with electronic coupling (J = 0.2) and the strength of the external field
(F=0.1).

In analogy with the previous section, we first stucy the time evolution in figure 6 of a broad Gaussian
packet with standard deviation g = 2. The characteristic patterns of BZOs are washed out as the
qubit-phonon coupling is increased from g = 0.1 (figure 6(a)) tog = 1.4 (figure 6(d)). When the
qubit—phonon coupling is sufficiently weak, the contour profile of the BZOs can still be recognized, as
shown in figure 6(a). For intermediate coupling, the structure of BZOs start to smear out after time 3tpz/4,
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Figure4, Time evolution ol a narrow Gaussian wave-packet with standard deviation gy = 0.1 in the absence of phonons. The
excitation probability of the qubit state P, (r, 1) is shown for the free excitation case. The same parameters used in figure 3 are
employed, ] = 0.2, g = Dand F= 0.1,
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Figure 5. Time evolution of the mean values ¢(1), the standard deviations of the wavepackets o{r), and the currents j(t) for the
cases of | = 0.2, F = (.1, g = 0 with various 6 of 0,0.2287,0.5773 and 0.8301. The left panels ((a), (c) and (e)) and right panels
((b), (d) and (£)) use initial conditions of Gaussian wave packets with the initial widths of 7y = 2 and g = 0.1, respectively.

as displayed in figures 6(b) and (c). In the strong coupling regime, the center of the wave packet becomes
localized, as visualized in figure o(d). The time evolution of the phonon displacement Xpn (1, ) at each site
is shown in figure ~ for the initially broad Gaussian state. Initially the phonons are in the vacuum state. As
the electronic excitation travels along the chain, phonons are emitted across the chain following the
dynamics of the electronic wave packet. Subsequently, the emitted phonons are scattered by the electronic
excitation, leading to the aforementioned vague patterns of BZOs. The BZOs frequency wyz is equal to the
BOs frequency wy since the value 4 = (.2287 was chosen to satisfy Tyz = Ty. Since the external field
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Figure 6. Time evolution of a broad Gaussian wave- packet with standard deviation @, = 2 in the presence of phonons. The
excitation probability of the qubit state Py,(t, 1) is shown with / = 0.2 and F = 0.1 The strength of the qubit-phonon
interaction is increased consecutively from g = 0.1,0.2,0.4 to 1.4,
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Figure7. Time evolution of the phonon displacement Xy (1, 11) at each site for a broad initial state with standard deviation

F = 0.1, wpz(wsz = F) is ten times smaller than the phonon’s frequency wy = 1, ten peaks can be found in

one period of the BZOs.

Complementary to the evolution of an initially broad wave packet, we show in figure 8 the time

evolution of an initially narrow wave packet in the p

qubit—phonon coupling strength. As the qubit-phonon coupling strength

resence of phonons for various values of the
is increased in figures 8(a)—(c),

the spatial symmetry of the left and right branches around the origin is broken, and irregular excitation
motion ensues. The localization effect by the strong coupling on the evolution of the excitation populations
can be clearly seen in figure 8(d). We notice how the range of the colorbars increases with g in figure 9,
indicating a higher phonon emission rate for an increasing qubit—phonon coupling strength. Additionally,
figure 10 illustrates the effects of phonons on the expected value of the particle’s position ¢(f), the standard
deviation o(£) of the wave packet and the currents j(f). Our results show that the excitation of the qubit
states can be manipulated by the external field and qubit—phonon coupling.
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Figure 9. Time evolution of the phonon displacement X, (t, n) at each site for a broad initial state with standard deviation
@ = 0.1 that correspands to the cases shown in figure 8. Notice the changes in the range of the colorbars, where higher
displacements are obtained for larger values of g.

In order to better understand the interaction between the qubit chain and the surrounding phonons, we
have analyzed the time evolution of various energy variables, such as the kinetic energy of the excitation
Eqy(t), the total energy of the high-frequency phonons Ey;(f) and the interaction energy between the qubits
and the phonons E (). The total energy E,,(t) of the whole system is conserved if no external field is
added (F = 0). As shown in figure | 1, the total energy varies with time when an external field is applied to
the qubit chain. In the presence of an external field F = 0.1, the qubit chain undergoes either BZOs or a
breathing mode when the qubit-phonon interaction is turned off (g = 0), as shown in figures 11(a) and (b)
for the initially broad and narrow cases, respectively, When g > 0 the energy of the high-frequency phonons
quickly grows from zero and starts to oscillate with high-frequency, as evidenced by the high value of the
ratio wy /J = 5, as shown in figures | 1(c) and (d) for the broad and narrow case, respectively.
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Figure 10. Time evolution of the mean values ¢(t), the standard

oo = 2 and g = 0.1, respectively.

cases of | = 0.2, F = 0.1, § = 0.2287 with various qubit-phonon coupling strengths of g = 0.1,0.2,0.4 and 1.4, The left panels
((a), (c) and (e)) and right panels ((b), (d) and () use initial conditions of Gaussian wave packets with the initial widths of
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Figure 11, Eg. Egny Equ—phs and E,,, calculated by the multi-D2 ansatz for the cases of(a)og =2, F=0.1,g=0,(b) o, = 0.1,
F=0.1,g=0,(c)oy=2F=01¢g= 0.2,and (d) og = 0.1, F = 0.1, g = 0.2. The nearest neighbor hopping integral is
J = 0.2 and difference in the site energies of alternating sites is § = 0.2287.

Next we proceed to evaluate the quantum correlations between qubits and phonons by analyzing the
time evolution of the von Neumann entropy, given by equation (17). First, we vary the qubit—phonon
coupling strength and calculate the von Neumann entropy Suw in figure 12 for different values of the
qubit—phonon coupling and band gaps. It can be found that large band gaps d restrict the entanglement
between the qubit and phonons. For an initially broad Gaussian wave packet and fixed 4, increasing the
qubit—phonon coupling strength g the large amplitude of the oscillatory dynamics of the von Neumann
entanglement entropy are dramatically reduced as g ~ 1. This can be inte rpreted as a signature of the
dynamic localization of the particle. In contrast, when the excitation starts from a narrow Gaussian wave
packet and g > J, the entanglement entropy increase steadily Son(1) o t* for some £ < 1.
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Figure 12, Time evolution of the von Neumann entropy Sy (1) for the cases of | = 0.2, F = 0.1, (a) and (&) § = 0, {b) and

() 6 = 0.2287, (c) and (g) § = 0.5772, and (d) and (h) § = 0.8301 with various qubit-phonon coupling strengths of
£=10,0.1,0.4,2, and 3. The upper panels (a)~{d) and down panels (e)—(h) use initial conditions of Gaussian wave packets with
the initial widths of oy = 2 and &y = (.1, respectively.

In all the simulations so far we have taken ] = 0.2wy as the electronic coupling strength between
neighbouring qubits (we remind the reader that wy = 1 is taken as energy unit throughout this work). That
is to say, the studied cases above focus on the anti-adiabatic regime (wy > J). We now vary the adiabaticity
ratio wy /] for fixed qubit-phonon coupling strength ¢ = 0.2 to clarify the different energy scales involved in
the dynamics. As shown in figures 13(a) and (d), the effects of phonons on the qubits are accentuated in the
anti-adiabatic limit when compared with the adiabatic case. In the adiabatic regime wq/J = 1, energy
resonance between the electronic and vibrational subsystems are established. In the adiabatic regime
(wo/J = 1), we show the dynamics of S,x (1) for weak (figures 12(b) and (e)) and strong (figures 12(c) and
(f)) qubit-phonon coupling strength g. The effect of qubit—phonon interactions in the entanglement
entropy is overall less pronounced as in the anti-adiabatic case as a result of the higher electronic coupling
strength. In comparison with the anti-adiabatic case of figure 12, the entanglement entropy reaches higher
values in the adiabatic case for strong values of the qubit-phonon coupling strength, as shown in
figures 13(c) and (f).

3.4. Dissipative dynamics of BZOs in an ohmic environment
Recent developments in circuit QED have shown that qubits can be experimentally coupled to an ohmic
phonon bath [41]. We proceed to study the effects of an Ohmic vibrational environment on the dynamics

of BZOs. We introduce the Hamiltonian of the phonon reservoir Hy (equation (4)) with a linear vibronic
interaction term H g,y (equation (5)),

Hr=") hewuhlbu, (22)
(73

and

Hour = D _alan gue (b: + f),,g) . (23)
n {

in which @,(al,) is the annihilation (creation) operator of the excitation at site n, b,,E(BLEJ is the annihilation
(creation) operator of the £th phonon mode with frequency wag, and g, denotes the coupling strength of
the £th phonon mode at site n. We notice that the interaction term of equation (23) has the structure

Hyr=3,A, 2B, with A, = ala, and B, = 2 B (b;,fs - i],,&) operating on the electronic and
vibrational subsystems, respectively. After bringing the number of oscillators in the environment to infinity,
the coupling between the qubits and the bosonic reservoir can be characterized by the corresponding
spectral density function, Ja(w) = 7}, g7:0 (w — we) = 2awe™/“, where o is the dimensionless coupling
strength and w. is the cut-off frequency of the ohmic environment. In order to simulate the dissipative

12
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and (c) and (£) wo/J = | withg = 0.2,0.4,0.6, 1,2, The upper panels (a)~(c) and lower panels (d)~(£) use initial conditions of
Gaussian wave packets with the initial widths of ¢y = 2 and &y = 0.1, respectively.

dynamics of BZOs, we employ the following Markovian master equation [71],

d . o ;
af’qu“} ===1 [Hgl-_uﬂqu(r)-l +D (f)qu(”j (24)

where the reduced density matrix, pou(t) = Trg A1), 1 the partial trace of the density matrix of the total
system over the reservoir’s degrees of freedom, and the dissipator D takes the form

P - . 5 I - sa o
TD,G’qu = Zz‘:-:arr(w) (Am (wllf’qu}in(w] == 5 {An(w‘)'/ﬁm(u’)- pqu}) (25)
with _ e

Adw) = ) Ti©A,LL(€) (26)

and Tl(e) = ¥,  lex) (x| is a projector onto the subspace of qubit eigenstates with energy €. The parameter
,.m(w) sets the dissipation rate at each frequency and is given by

oo
".ﬁ:m(w} = / dee™? (BL(S}BM(O}> (27}
0

in which the reservoir correlation functions (BL(S}B,,,(U)} = Trph [ﬁpheiHPh‘ﬁne_iHl’“’Bm] in the interaction
picture, We assume that each qubit is subject to independent (uncorrelated) environments, i.e.

Y () = V(W) = 8 mClw), equation (25) simplifies significantly and

2 {(w)(nw) + 1) if w>0
2] (Jw]) (n(fw]) ifw=<0
Clw) = (28)
1%2#}{&;)(;1{&;) + 1) ifw=20
= 4TrﬂknT

where n(w) = (exp (w/kaT) — l]_' represents the mean phonon number of a phonon mode with a
frequency w at temperature T, and J(w) is given by the Ohmic spectral density.

The polaron dynamics of BZOs in the presence of an Ohmic environment are shown in figure 14, where
the excitation probabilities Pgu(t, n) = pu()n=12,.. ., N) are calculated. In the current paper, T=0is
adopted as QED devices work at extremely low temperatures and energies of electronic excitation and
phonons are high in comparison with the thermal energy ks T in a wide range [44]. When the inital state is
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Figure 14. Time evolution of the excitation probability of the qubit state Py, (t, n) for the coupling case of | = 0.2, § = 0.2287
and F = 0.1 is obtained with qubit-phonon coupling strengths of ({a) and (b)) @ = 0.002, and ((c) and (d)) & = 0.004. The
initial Gaussian wave packets have an initial standard deviation of &, = 2 and 0.1, in the left and right panels, respectively.
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Figure 15, Time evolution of the von Neumann entropy Sul1i for the cases of f = 0.2, F = 0.1, § = 0.2287 with various
qubit-phonon coupling strengths of o = 0,0.002, 0.004, 0.006, 0,008, and 0.01. The left panel (right) panel use initial conditions
of Gaussian wave packets with the initial widths of oy = 2(oy = 0.1).

a wide Gaussian wave packet (figures 14(a) and (c)), the BZOs are less pronounced as a consequence of the
dephasing environment. If the initial state is narrow, strong differences between the left and right branches
of the wave function start to appear, as shown in figures 14(b) and (d). Finally, we have calculated in

figure 15 the von Neumann entropy for various values a of the overall coupling of the qubits to their
respective environments,

4. Conclusion

In this work, we have built a1 extended Holstein model to describe a one-dimensional qubit chain with
alternating site energies under the influence of a constant, electric field and high-frequency, dispersionless
phonens. To investigate the transient polaron dynamics in the extended Holstein model, we have employed
a time-dependent variational method based on an extension of the Davydov ansatz that becomes
numerically accurate for sufficiently high values of the multiplicity parameter. This quantity is a measure of
the complexity of the trial wave function and is related to the number of variational degrees of freedom in
the ansatz. We have first studied the spectral properties and the band structure of the electronic
Hamiltonian under various conditions. A tight-binding model (equation (1)} with near-neighbours
interactions in the reciprocal and Wannier—Stark representations has been employed. The energy difference
between consecutive site energies equals to the gap between the two minibands at the edges of the Brillouin
zone. We have discussed the dependence of the energy offset between the Wannier—Stark energy ladders on
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the band gaps, and calculated the values for which the commensurate condition is satisfied, so that the time
period of BZOs is equal to the period of BOs. We observe in our simulations that the band gap has a strong
influence on the dynamics of BZOs.

After considering the coupling to the dispersionless optical phonon, we have carefully checked the
validity of the multi-D2 ansatz by performing convergence tests and relative error calculations in order to
demonstrate the accuracy of the method employed. Overall, the BZOs patterns and the corresponding
breathing modes are smeared out by phonons. For weak qubit—phonon coupling strengths, the time
periodicity of electronic motion is maintained and the spatial periodicity starts to break down when the
coupling strength becomes comparable to the electronic interaction between qubits. Finally, we have
numerically simulated the dissipative dynamics of BZOs employing a Markovian master equation and a
vibrational ochmic environment.
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Appendix A. The Lagrangian for Bloch—Zener model coupled to phonons

The Lagrangian is formulated as

i3
of M et e o M
£ = (DY) 5 5 ~ HIDY(®)
h %

i Ei 9 ;
% _2_1 [(Di_"’(leélDi“(t-))—( 21(8)| 5 DY) | — (DY (HID(1). 1)

wherefc’?;g = f (ig) — (8f) g and dip = Bip /Bt [72]. The first term yields

L (DM(r]|E]DM(!J) = (D“(rHEID“(r))
2 2 at 2 2 5: 2

. M e M 3 \
il : ; if AL g + ALN
_ ik so T e ey 1 U g— jq T AjgHing
Ty E : E : (L'f-| Win — Wy wru) Sii + 2 E E '-’-_i:r‘i-'rmsu E [ A 2 ¢
igoon bioon q
Aghs, + Mg : .
_ Aigh iq g s 4. v Rs
27207 1 Ny ,x,,,:\m} . (A2)

and the second term takes the form
(D (1)| H|DY (1)) = (DY (1) Flq [DA () + (DY ()] Hgn [D' (1)) + (D" ()] Hguph DY (1) (A3)

where the Debye—Waller factor is formulated as

1
Sjj = exp EA?qA_frr Ty (P"’qlz + "\F"f12) : 5
q

Appendix B. Validity of variation for BZOs dynamics affected by phonons

In this section, we demonstrate that the multi-D2 ansatz with sufficiently large multiplicity M can provide
quantitatively accurate calculations to the BZOs dynamics affected by phonons. As a proof of principle, we
here only show the case with system parameters of ] = 0.2, 4 = 0.2287,¢ = 0.2 and F=0.1,and a
two-site-centered initial condition of #,(t = 0) = (d, 52 + 6,,‘,\5:1“]{\/5.

First, in the presence of the external field, a convergence test is performed using the multi-D2 ansatz
with various multiplicity M for the qubit states in the qubit chain with alternating site energies and diagonal
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Figure 16. Time evolution of the excitation prabability of the yubit state Py, (1, 1) for the diagonal coupling case of | = 0.2,
§=0.2287,g = 0.2and F = (1.1 is obtained from (a) the single DY'=" ansatz, (b) D3 ansatz, and (c) the DY~ ansatz. The
difference AP, (1, 1) between the | )' = and the I)'_'."=‘"‘ trial state 1s displayed in (d).

qubit-phonon coupling. As shown in figure 16, the time evolution of the excitation probability of the qubit
state Py, (£, ) is calculated by the D=l Dg’r:”, and D)= ansatz, respectively. Figures 16(b) and (c)
exhibit quite identical plots and both show large difference from figure 16(a). As given in figure 16(d),
APy, (t,n) is the difference between Py, (t, 1) calculated by the DY=** and D=, and its value is smaller
than that of Py, (t, 1) by two orders of magnitude. The comparison here presents the nearly converged
results calculated from D3'=" ansatz, showing the superior accuracy of our variational approach.

Second, validity of the variational approach is carefully checked by testing how faithfully the calculations
obey the Schrodinger equation. At the moment ¢, |\(¢)) serves as the real wave function, and we assume the

trial state [DY'(¢)) = W (1)). Then a deviation vector 8(r) is introduced to measure the accuracy of dynamics
obtained by the multi-D2 (1l state,

a(t) = x(t) - 5(1)
a

L % M
= 5 W) = D7 (1) (B1)

in which the vectors §(t) and (1) follow the Dirac-Frenkel time-dependent variational dynamics

F(t) = 8|D) /Ot in equation (1) and the Schrédinger equation (1) = 8|9(r)) /8t = %ﬁfhll(r}},
respectively. Based on the Schritdinger equation as well as the relationship |¥(¢)) = ID‘;"_’;(:)) at the time ¢,
the deviation vector §(¢) can be written as

2o Vo gpny @y
8(1) = ihH|D2 (1) ar|l".)2 (). (B2)

Thus, we can use the amplitude of the deviation vector A(t) = ||§(t)] to estimate the accuracy of the results

calculated by the multi-D2 ansatz. To better verify the deviation in the parameter space (8, ], g}, we define a
dimensionless relative deviation 2] as follows

~ max{A{}}

= - ‘-._., I U I ) ) B3
mean{ N (1)} € [0, tma] (B3)

in which N () = [|V(1)]| denotes the amplitude of the time derivative of the wave function,

/@ 8
Newr =A==\ o -
(1) \/ E‘\:JIM” dr‘PUJ>
= /(DY) DY (1), (B4)

As llustrated in figure |, the relative deviation . drops when the multiplicity M of the multi-D2 ansatz
grows. As supported by the ielationship of ¥ ~ M~ /' with an exponent of 8 = 0.77 in the inset of figure 17,
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Figure 18. Time evolution of the excitation probability of the qubit state Pgy(t, 1) for the free excitation caseof ] = 0.2, g =10
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packet starts from a Gaussian wave packet with a widthof oo = 2.

the value of ¥ gets close to zero as M increases 10 infinity. In the limit of large M, the variational appivach
with the multi-D; ansatz yields numerically exact BZOs dynamics affected by phonons according to t'ie
time-dependent Shrodinger equation.

In this work, a multiplicity of M = 32 is used in balance with the computational efficiency to obtain
sufficiently accurate results for the investigation of the BZOs dynamics affected by phonons.

Appendix C. Pure BZOs for various gaps

In this section, we further illustrate the effects of the band gap d on the evolution of the excitation wave
patterns if we initially use a broad (narrow) Gaussian wave packet with an initial spatial width of

og = 2(og = 0.1), as shown in figure 18 (figure 19). The temporal periodicities are well reserved in studied
cases displayed here while the BZOs patterns become hardly identifiable. As the gap & grows larger, the wave
packets turn out to be slightly more localized, demonstrating the localization effect of large gaps § on the
excitation wave packets.
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Abstract: An air pollution detector is proposed based on a tube-shaped single-electron transistor
(SET) sensor. By monitoring the flow control component of the detector, each air pollutant molecule
can be placed at the center of a SET nanopore and is treated as an island of the SET device in the same
framework. Electron transport in the SET was incoherent, and the performances of the SET were
sensitive at the single molecule level. Employing first-principles calculations, electronic features of an
air pollutant molecule within a tube-shaped SET environment were found to be independent of the
molecule rotational orientations with respect to axis of symmetry, unlike the electronic features in a
conventional SET environment. Charge stability diagrams of the island molecules were demonstrated
to be distinct for each molecule, and thus they can serve as electronic fingerprints for detection. Using
the same setup, quantification of the air pollutant can be realized at room temperature as well. The
results presented herein may help provide guidance for the identification and quantification of
various types of air pollutants at the molecular level by tre ating the molecule as the island of the SET
component in the proposed detector.

Keywords: tube-shaped single electron transistors; incoherent transport; air pollutant molecule;
first-principle calculations; identification and quantification

1. Introduction

Air pollution occurs when harmful or excessive quantities of substances are introduced
into Earth’s atmosphere, leading to public health and environmental problems [1]. On the
public health side, the toxic effects of air pollution have been individually identified in various
organs of the body, leading to eighteen outpatient diseases, including cancer [2]. In addition
to the documented physical effects of air pollution on humans, there are negative effects of air
pollution on subjective well-being [3]. On the environmental side, air pollution can damage
ecosystem functions and structures and result in global warming, acid rain, and deterioration
of the ozone (O;3) layer [4]. The impact of air pollution on materials is also notorious, as
chemical reactions between the polluted air and material matrices coating buildings or within
structures may result in large maintenance costs [5].

Air pollutants are the source of air pollution, and they can be classified as “criteria
pollutants” and “hazardous air pollutants” [6]. Criteria pollutants are used to determine
if one region meets air quality standards. The most common criteria pollutants include

Molecules 2021, 26, 7098. https:/ /doi.org/10.3390/ molecules26237098
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particulate mater (PM), carbon monoxide (CO), nitrogen dioxide (NO,), tropospheric ozone
(O3), and sulfur dioxide (SO;) [7]. Hazardous air pollutants, known as “air toxics”, are
chemical species that may cause cancer and other chronic human health risks. Frequently
encountered hazardous air pollutants include benzene (CgHs), formaldehyde (CH20),
toluene (CyHg), xylene (CgHyp), and benzo (a) pyrene (as a marker for polycyclic aromatic
hydrocarbons) [8].

Various approaches have been developed to identify and quantify air pollutants in
the atmosphere and determine the air quality. Direct and indirect measurements are used.
Direct measurements include the sizes and concentrations of particles caught on filters, the
concentrations of gases collected in traps, the pH values of liquid droplets, the temperature,
and the humidity. Other measurements are indirect. For example, light scattering methods
are used to determine the number of aerosol particles in the air [9].

However, as air pollutants have various types, individual detection methods must
be tailored to specific features of the measured species. For instance, a primary method
to detect carbon monoxide is based on nondispersive infrared photometry. The current
method to identify sulfur dioxide employs ultraviolet fluorescence. Methane and other
non-methane volatile organic compounds are measured using gas chromatography with a
calibrated flame ionization detector [9]. Therefore, more technologically adv anced methods
are necessary to unify the measurements of various air pollutant species.

Given the wide application of semiconductors in gas sensing, the use of semiconductor
devices to measure air pollution is promising. In recent decades, low-dimensional nanostruc-
tures have received considerable attention for gas sensing, as the resistance changes drastically
due to the absorption of foreign molecules on materials with high surface-to-volume ra-
tios [10]. High gas-sensing abilities have been found in low-dimensional nanostructures,
such as carbon nanotubes [11], ZnO nanobelts [12], silicon [13], In;O3 [14], and SnO; [15]
nanowire-based sensors, and two-dimensional materials, such as graphene [16] and MoS; [17]-
However, those sensors are mostly based on coherent electronic transport [18]. Inevitably,
electric heat will be produced during the operation of these sensors, and their large power
costs will affect the high sensitivities of the sensors.

Based on sequential transport, single-electron transistors (SETs) can avoid the aforemen-
tioned problems induced by the coherent transport [19]. A SET consists of source, drain, and
gate electrodes and an island [20]. There are tunnel barriers between the source /drain elec-
trode and the island, and electronic conduction takes place via sequential quantum tunneling
through the barriers. The gate electrode is designed such that the electrostatic potential of
the island is in a Coulomb blockade state. Based on the scanning values of the gate voltage
(Vg) and source—drain bias (V4), a phase diagram called the charge stability diagram can be
obtained to unveil the conduction behaviors of the electrons in an SET [21,22]. According
to the underlying physics of the physical quantities observed, potential applications of SETs
have been found in logic operations [23,24], quantum computation [25], and sensing [26-28].
Gas molecules have been proposed to be the island of the SET for sensing. Ray et al. studied a
series of molecules using SET with conventional structures and investigated the effects of gates
tuning on the performance of SET [29-34]. Recent studies have shown that the types of island
molecules can be identified by unique electronic signals from corresponding SET devices [34].
However, previous SET schemes were not designed for the purpose of air pollutant detection
and cannot adequately meet the requirements for the identification and quantification of air
pollutants at a molecular level.

In the present work, an air pollutant measurement system was designed based on
a tube-shaped SET sensor, which was the key component of the detector. Monitored by
the flow control component, an air pollutant molecule could flow to the center of the SET
nanopore and act as an SET island. The electronic properties of island molecules under the
SET environment were investigated using first-principles-based density functional theory
(DFT) [35]. In detail, we examined the performances of SET configurations by calculating
the physical quantities of interest, including the total energies as functions of the gate
voltage, energy density, molecular energy spectra, and the charge stability diagrams.



Molecules 2021, 26, 7098

30f20

The remainder of the paper is structured as follows. In Section 2, we present the
proposed measurement system and the calculation method. In Section 3.1, the influence of
conventional and tube-shaped SET environments is studied for a certain molecule with
various orientations. In Section 3.2, the electronic features, such as the charge stability
diagrams, are characterized for the identification of individual air pollutant molecules. In
Section 3.3, the quantification of the air pollutants is examined using the proposed device.
Conclusions are drawn in Section 4.

2. Materials and Methods
2.1. System Description

The proposed air pollution detector is depicted in Figure la. The setup consists
of a particulate filter to clean particulate matter from the measured air, an air sample
chamber to sample the ambient air, a flow control subsystem to move the sampled air
into an SET sensor, an SET sensor with a suitable configuration, and a data acquisition
subsystem for analyzing signals obtained from the SET sensor. In real application, the flow
control subsystem would drive the molecules to small tubes whose sizes allow only single
molecules to enter, and the molecule would then be precisely pulled through the pore in
the SET sensor by a vertical electric field. The time for identifying a molecule included the
time for pulling of the molecule into required positions in the sensor, time for completing
an individual measurement, and the time for analyzing the measured data. During the
measurement process, the molecule is treated as a static island of the SET device. Using
the proposed setup, our objective is to guide the experimental development of the air
pollutant detection using theory. Though it is not explicitly described here, it should be
pointed out that other conditioning components are needed in experiments to minimize
the measurement interference induced by the unsuitable flow control operations and to
maximize the measurement processing ability.

ta) Air pollutant detector

inlet S

M—-’:.—x—[r_ ==
I &

Particulate filter :
(b} SET sensor

Exhaust

L

(d) Tube-shaped SET
without island

(g} Conventional
SET without island

Figure 1. Schematic of an air pollutant detector based on a single-electron transistor (SET) sensor.

As shown in Figure 1b, the geometry of the SET sensor included metallic source, drain,
and gate electrodes and an island. If the coupling between the island and source /drain
gates is strong, the coherent lifetime of the charge carrier is much longer than the propa-
gating time on the island, and coherent transport thus dominates. [f the island is weakly
coupled to the source/drain gates, the charge carrier transfers from the source to the island
and loses all information about its original quantum state due to sufficiently long staying
time on the island. Together with a subsequent tunneling process into the drain electrode,
the whole process is referred to as the sequential transport. As an example, Figure 1c,d
plots conventional and tube-shaped SET structures without islands, respectively. The
transport mechanism in the SET was sequential tunneling instead of coherent tunneling.
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Because of the weak coupling between the island and the source and drain electrodes,
the electron moves through the SET and loses the information about its initial quantum
state. In this transport step, the electron propagates independently from the drain electrode
to the island and from the island to the source electrode. The gate potential of the gate
electrode can tune the electron affinity levels and allows for opening and closing of the
clectron transport. Explicit principles for the SET operations are described in Appendix A.

Two types of SET structures are illustrated in Figure 2, A conventional structure is
represented in the upper panels of Figure 2. The source and drain electrodes were at the
two ends of the SET. Below these two electrodes was a dielectric layer with a dielectric
constant of 10¢g and a thickness of 4 A. Beneath this layer, a gate electrode covered the
entire area with a thickness of 1 A. The three electrodes were metallic and used the work
function of gold with a value of W = 5.28 eV. To guide the experimental fabrication, these
clectrodes were considered to be made of other metals. The thickness along the x-axis
was 12 A for both the source and drain electrodes. The two electrodes had a horizontal
separation of 11 A along the z-axis. Along the y-axis, the two electrodes had the same height
of 8 A. The nanopore can be seen as a pore cross section with an area of 8 A x 11 A. The
thickness of the whole SET structure was 12 A along the x-axis. The size was comparable
to those of earlier reported graphene- [36] and silicon-based [37] nanopores.

Figure 2, SET configurations with C7Hg as the SET island. The molecule was perpendicular to the
in the left column (a,c) and parallel to xz-plane in the right column (b,d). The molecular center was
aligned with the nanopore center.

A tube-shaped SET structure is proposed in the current work, as shown in lower
panels of Figure 2. This device was significantly different from the conventional one. The
source and drain electrodes had the same metallic tube sections with inner radii of 5 A,
thicknesses of 4 A, and lengths of 1 A along the z-axis. The central part of the SET is the gate
clectrode with a length of 10 A along the z-axis. The gate and source/drain electrodes were
separated by a dielectric tube with a length of 3 A at each end. The two dielectric tubes had
the same inner radius and thickness as those of the source/drain electrodes. The tubular
gate electrode had a thickness of 1 A. The usage of 1 A has been widely used, though it is
aven less than the radius of an atomic radius because it is sufficient to model the metal gate
effect [33,34]. A dielectric layer with a thickness of 3 A was placed underneath the gate and
surrounded the nanopore of this SET structure. Compared to conventional SET devices,
the newly proposed tube-shaped setup possessed several peculiar characteristics: (a) the
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source, drain, and gate electrodes were all tube-shaped, allowing a molecule to tunnel
through the device before and after the measurements; (b) the gate electrode surrounded
the entire channel and could provide stronger control over the electrostatics of the island
compared to the conventional SET; and (c) the rotational angle along the the z-axis was
flexible due to rotational symmetry.

A pollutant molecule was placed at the center of the nanopore as the SET island with
various orientations to examine the capabilities of each SET structure. As a proof of principle,
the C;Hg molecule was adopted in this section. The molecules in Figure 2a,c as well as
Figure 2b,d were perpendicular to and parallel to the xz-plane, respectively. In all cases,
the center of the molecule was placed at the center of the nanopore. In the experiments,
the molecule entered the nanopore with various orientations relative to the gate. The
SET responded correspondingly to the orientations, and the responses were examined.
Influences of the orientation on the performance of the SET were revealed by investigating
various physical properties of interest, such as the charge stability diagram.

2.2, Computational Procedure

Within the SET environment, the electronic properties of the air pollutant molecule
were estimated using DFT calculations. The SET simulations not only used the pseudo-
potential, but also introduced compensation charges at each atomic site to screen the
electrostatic interactions. The method was implemented within the QuantumATK pack-
age [38], which performs calculations based on DFT and nonequilibrium Green's function
(NEGF) formalism. The DFT-NEGF-based methodology was developed [39,40] and intro-
duced for non-equilibrium systems initially [41], and it was later expanded to the standard
equilibrium case [42]. Stokbro completed this approach in the NEGF-DFT framework of
Quantum Wise [%5]. The self-consistent calculations employ the generalized gradient ap-
proximation of the Perdew-Burke—Erzerhof exchange-correlation functional [43]. Metallic
electrodes were used to fix the potential at a specified voltage on each electrode. To eluci-
date the absence of the perpendicular components of the electric fields from the metallic
surfaces, Neunann boundary conditions were applied when solving the Poisson equation.
This method has been successfully applied to estimate the charging energies of a variety of
molecules within SETs [29-34,44 45].

3. Results and Discussion
3.1. Effects of SET Structure

As presented in Figure 3, the charge stability diagram illustrates the electrostatics and
the nature of conduction within a SET in detail. If the island and source/drain electrodes
are weakly coupled, conduction takes place via the way of sequential tunneling, where
an electron goes from the source to the island and finally transfers to the drain so as to
complete the conduction path. The island-source coupling and the island-drain coupling
strengths determine the tunneling rate. In the case of an SET with a large source—drain
separation, the incoming state of the electron is roughly uncorrelated with the outgoing
state. Scanning a line along the gate voltage Vg ata fixed source-drain bias V; would
lead to a series of periodic peaks, which would indicate the addition of an electron to or
removal of an electron from the island. If the scanning process in a symmetric range of
V; was repeated, diamond-shaped regions would be found on the V; — V; plane, which
is known as the charge stability diagram. No conduction occurred within each of the
diamond regions, and the charge population change by 1 between neighboring diamonds.
Details of the mathematical descriptions of the charge stability diagram are interpreted in
Appendix A. Therefore, the SET configurations with molecules of various orientations can
provide charge stability diagrams with certain features. Figure 3a—d shows the charge
stability diagrams of the configurations shown in Figure 2a—d, respectively. Figure 3a,b
shows quite different features, indicating that the molecule orientation in a conventional
SET can strongly affect the SET performance. In contrast, Figure “c,d presents the same
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figure patterns, implying that the molecule orientation in the tube-shaped SET had a
negligible influence on its charge stability diagram.

(a) Conventional SET with vertical C;Hg (b) Conventional SET with horizontal C;Hg
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Figure 3. (a-d) Charge stability diagrams of various SET configurations for C;Hjg. For certain gate
voltage and source—drain biases, the number of charge states within the bias window is indicated by
color: red (4), yellow (3), green (2), blue (1), and dark blue (0).

Next, the electronic structures of the molecule were calculated to clarify the SET
environmental effect on and the charging process of the island molecule. In the real space,
the electron density of an isolated molecule can be altered by the SET electrostatic potential
and the additional charge. Under the conventional SET environment, Figure 4 shows
the distribution of electron density of an additional net charge of 41 on CyHjg, i.e., the
differences between electron densities of C7Hg with charge states ofg=+4land g =0.
The major differences between the electron densities of molecules oriented vertically and
horizontally are evident in the figure. For exa mple, the electron density on atom Hl in the
vertically positioned C7Hg was lower than that in the horizontal C7Hg, as shown by the red
regions inside the white circles in the upper and lower panels. In contrast, a greater electron
density was found on atom H2 (inside the green circles) in the vertical C7Hg than in the
horizontal C;Hg. Under tube-shaped SET environment, the distributions of the additional
net charge were the same for the vertical and horizontal CyHg, as shown in Figure A6 of
Appendix D. This agrees with that fact that the charge stability diagram in the conventional
SET relies on the orientation of the island molecule, while that in the tube-shaped SET was
independent of the molecule orientation along the z-axis.

In the energy space, we considered the vertically positioned C7Hs in the tube-shaped
SET as an example to study the energy levels in various charging states, as illustrated in
Figure 5. The molecular energy spectrum for the island molecule retained its structure
during the operation of the SET device. However, the energy levels shifted by certain
amounts to let the net charges enter or leave the island molecule. The energy levels entirely
shifted upward when the island molecule was negatively charged, while they shifted
downward as the electron moved away from the molecule. For example, if one electron
was added to the island molecule, the originally lowest unoccupied molecular orbital
(LUMO) in the neutral state shown in Figure 5¢ will become occupied by one electron,
becoming the highest occupied molecular orbital (HOMO) in the charge state of g = —1,
as presented in Figure 5d. Figure A7 in Appendix D presents the energy levels of the
horizontally placed C7Hg in the tube-shaped SET, and the spectra were the same as those
of the case discussed here. In addition, Figures A8 and A9 in Appendix D show the energy
levels of the vertical and horizontal C7Hg in a conventional SET, and they have same
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spectral structure as those of the cases in the tube-shaped SET. However, slight energy
shifting occurred due to the clectrostatic effect from the SET environment.

Conventional SET with vertical C;Hg
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".!bf{’ ; < 0.019
ot 1@-\ v 3
X

Y
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he Sk
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Conventional SET with horizontal C7Hg
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. .
) T Q4
y
{ %Y

" -0.0038

Figure 4. (a—d) Electron density of an additional net charge of +1 distributed on CyHg under a
conventional SET environment. The upper and lower panels represent the cases with vertical and
horizontal C;Hy molecules, respectively. The charge clouds are illustrated from different viewpoints
in the left and right columns.
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E(q, Vg) = Eo+qW +aqVe + BleVy)?,

in which Eg denotes the zeroth-order term,

second term gW is the reservoir energy, where
W denotes the work function of the electrode, and a value of W =
model a gold electrode. The third term in Equation (1), which

I'EPT'E 5¢€

cule within the SET environ-
3 in Appendix C, Using
function as follows [32,35];

(1)

which corresponds to a constant energy. The
q represents the charge of the island molecule,
5.28 eV was used to
nts the direct coupling

between the island molecule and the gate electrode, is proportional to the charge g on the

molecule and is linear with respect to the gate voltage Vg.

The linear coupling strength, &,
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depends on the relative position/orientation between the island and the gate for a certain
type of molecule. The fourth term is independent of the charge state and has a quadratic
dependence on the gate voltage V. The quadratic coupling strength, B, estimates the
contribution of electrical polarization under the influence of an electric field. The values of
the coupling strengths were estimated by making a least squares fit to the total energies
from the DET calculations, and those of the configurations in Figure 2 are listed in Table 1.

Table 1. Gate coupling strengths between gates and island molecules.

SET Configuration Gate-Island
Coupling Strength

SET ISLAND Molecule Linear Quadratic
Structure Molecule Posture [ B (ev™h
Conventional C7Hsg Vertical 0.3417 —0.0056
Conventional CyHg Horizontal 0.3004 —0.0023
Tube—shaped C7Hg Vertical 0.7962 —0.0006
Tube—shaped C7Hg Horizontal 0.7962 —0.0006

For conventional SET configurations shown in Figure 2a,b, the coupling strengths
strongly depended on the orientation of the island molecule. As shown in Table 1, the
vertically placed molecule caused stronger quadratic gate—island coupling than the hor-
izontally oriented molecule. The strong dependence of the gate-island coupling on the
orientation of the molecule in the SET suggested that the conventional SET is not suitable
for the detection of pollutant molecules, as the molecules would arrive the nanopore with
various orientations. As shown in the last two lines of Table 1, for the configurations
shown in Figure 2c,d, the total energy was almost linearly dependent on V, indicating the
minimal polarization contribution in the tube-shaped geometry. This minimum is possible
because of the large coverage of the gate electrode on the island area from all different
sides. The gate—island coupling strengths are identical for the configurations shown in
Figure 2c,d. Thus, we concluded that the rotational symmetry of the tube-shaped device
provided greater convenience for identifying the types of various molecules than the con-
ventional SET. In the remainder of the manuscript, the tube-shaped SET will be employed
to detect the pollutant molecules.

3.2. Identification of Air Pollutants

In this work, each air pollutant molecule served as the SET island and determined the
performance of the SET. A slew of gas-phase air pollution molecules, including criteria
pollutants and hazardous air pollutant molecules, were studied for the purpose of detection.

In this section, we investigate the commonly met criteria pollutants molecules CO,
NO,, O3, and SO, [46], as well as several typical hazardous pollutants molecules CH;0,
C¢Hg, C7Hg, CsHig, and CypHg, as examples of polycyclic aromatic hydrocarbons [47].
The molecules and the SET configurations are shown in Appendix B. The total energy of
the investigated criteria pollutant and hazardous air pollutant molecules in the electro-
static environment is shown in Figures A4 and A5 of Appendix C, respectively. Based
on these total energies, the charge stability diagrams for the SET configurations with
the criteria and hazardous air pollutant molecules were obtained and are illustrated in
Figures 6 and 7, respectively. The individual diagrams of the studied molecules had specific
patterns, and the corresponding criteria pollutant and hazardous air pollutant molecules
could be identified easily after the measured signals were analyzed by the data acquisition
subsystem in Figure 1. The transport performance in the SET device was primarily decided
by the electronic structure of the island molecule. The electronic structures of each criteria
pollutant or hazardous air pollutant molecule differed, as shown in Appendix D. The
electronic levels of the island molecule were well maintained during the operation of the
SET due to the weak coupling between the electrodes and the molecule, and the pattern
of the charge stability diagram was determined by the molecular electronics. Thus, the
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diagram can represent the intrinsic and unique features for each criteria pollutant and
hazardous air pollutant molecule and can be treated as fingerprints of the molecules. For
example, the size of the central Coulomb diamond in the charge stability diagram varied
for all the studied molecules, as shown in Table Al in Appendix B.

(a) CO (b) NO,
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Figure 6, Charge stability diagrams of criteria pollutant molecules of (a) CO, (b) NO3, (¢) O3, and
(d) SO,. For certain gate voltage and source-drain bias, the number of charge states within the bias
window is indicated by the color: red (4), yellow (3), green (2), blue (1), and dark blue (0).

(b) CeHe

(a) CH,0
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Figure 7. Charge stability diagrams of hazardous pollutant molecules of (a) CH,0, (b) CsHg, (¢) CsHio,
and (d) CygHg. For certain gate voltage and source—drain bias, the number of charge states within the
bias window is indicated by the color: red (4), yellow (3), green (2), blue (1), and dark blue (0).

In addition, we investigated the coupling between the aforementioned molecules and
the gate in the proposed device, and the results are shown in Table 2. The linear gate-
island coupling dominated the interaction between the gate and air pollutant molecules,
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indicating that contribution of electrical polarization in the tube-shaped SET was negligible.
The coupling strengths for each investigated molecule differed, further confirming the
validity of the tube-shaped SET for identification of air pollutant molecules.

Table 2. Gate coupling strengths between gates and island molecules of tube-shaped SET configurations.

Gate-Island Coupling Strength

Island Molecule Linear Quadratic
I3 B eV~
co 0.8020 0.0000
NO; 0.8029 0.0000
0O 0.8138 0.0000
S0, 0.8005 —0.0001
CH,0 0.8035 0.0000
CeHs 0.8031 —0.0004
Gkl 0.7954 ~0.0009
CroHs 0.7768 —0.0009

3.3. Quantification of Air Pollutants

Identification and quantification of air pollutants are the two major goals of testing
a sample of ambient air. Traditionally, the entire process includes multiple stages, and
different pieces of equipment are used in identification and quantification stages. For
instance, the early procedures for the detection and quantitative measurements of the
amount of SO; varied, and different measurement devices were used in each process [9].

In our case, the proposed setup for the identification can be utilized for quantification
as well. As shown in Figure 1, the quantification can be realized after the pollutant
molecules go through the flow control component and flow to the center of the nanopore of
the SET sensor. Using the air pollutant molecule as the island, the charge stability diagram
can be produced after the operation of the SET device [21,22]. In the data acquisition
subsystem, we can analyze the information gathered and obtain the concentration cy of
each type of air pollutant X, as follows:

cx = Nxmy/V (2)

where Ny denotes the number of molecules X identified during the measurement process,
myx is the molecular weight of the molecule X, and V is the volume of air that went through
the SET sensor for quantification. Each type of molecule must be well mixed in the tested
sample air, and the testing time must be sufficiently long to obtain convergent results.
To speed up the measurement process M times, the SET sensor can be replaced by an
integrated sensor with M parallel SET devices. More details of the parallelization of SET
can be found in [31].

Finally, the device can operate at room temperature. Normally, the characteristic
charging energy will be larger than the thermal energy of the charge carriers only if the
temperature is low enough, making the Coulomb blockade observable [48]. The charging
energy AE!(I) is needed to charge the island with one elementary charge. As listed in
Table A2 of Appendix C, the energies used to charge different air pollutant molecules
are sufficiently high (kyT300x < |AE'(I)]) to avoid the electron transport induced by the
thermal fluctuations, in agreement with other molecule SET papers [30,31]. The SET device
can thus operate over a large temperature range, including room temperature.

4, Conclusions

In the present work, based on the newly designed tube-shaped SET, an air pollu-
tant measurement system was proposed to examine the air pollutants at the molecular
level. First, we compared our new SET sensor with the conventional one. In each SET,
the molecule was treated as the island after flowing to the center of the SET nanopore.
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The island molecule was placed along the >-axis with different orientations, i.e., either
vertically or horizontally to the xy-plainin the studied cases. Operation and performance
analysis of the SET sensor was performed using DFT-based ab initio calculations. We
then studied the electronic properties of the island molecule under each SET environment,
including the charge stability diagrams, electron densities, molecular energy spectra, total
energies as functions of the gate voltages, and gate-island coupling. The effect of molecular
orientation on the performance of the tube-shaped SET was found to be negligible, while
it was not negligible for the conventional SET, demonstrating the advantage of our new
sensor. Second, the new device was used to identify commonly encountered air pollutant
molecules. The calculated charge stability diagrams were unique for each molecule, and
thus they can be used as a fingerprint for detection. Third, we showed that the device
prototype could identify and quantify the criteria pollutants and hazardous air pollutants
in a unified framework. Our device was illustrated to operate over a broad range around
room temperature, owing to the high charging energy of the molecules within it. In con-
clusion, this tube-shaped SET sensor has many potential applications. Its great versatility,
high sensitivity, and elevated temperature of operation are significant advantages, making
this SET-based detector a promising candidate for testing air quality at the molecular level.
Research on the applications of the proposed device for testing other toxic molecules and
designing more flexible detection setups for the dynamic sensing of air pollutant molecules
is ongoing.
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Appendix A. Working Principle of SET for Detection of Air Pollutant Molecules

Coupling between the source/drain electrodes and the island was weak within the
SET device. An electron would tunnel from the source to the drain electrode via the island.
During the transport, because of the localization and long stay of an electron in the island,
the original and final quantum states of the electron would become uncorrelated, and the
electron would undergo subsequent tunneling instead of coherent tunneling. This process
is known as the Coulomb blockade.

In detail, when the electron tunnels through the barrier between the source electrode
and the island, the energy of the electron on the island must be lower than that of the
electron in the source electrode,

ES(S) + Ei(I) 2 E¥(S —1) + E(I +1), (A1)

where S and I are the initial numbers of electrons on the island and in the source electrode,
respectively. E°(q), El(g), and Ed(q) give the total energy of the source electrode, island,
and drain electrode as functions of the number of electrons ¢, respectively.
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Similarly, if the electron transfers from the island to the drain electrode, the energy
of the electron on the island must be higher than that in the drain electrode. Moreover, to
move the electron from the island to the drain electrode, it must have a lower energy in the
drain electrode,

E{(D)+EY(1+1) > E4(D+1) + E\(]), (A2)

where D is the initial number of electrons in the drain electrode.

The maximum energy of the electron in the source electrode is —W + eVy /2, where W
is the work function of the electrode and V}, is the applied bias. Assuming that the electron
with maximum energy tunnels onto the island, then the energy is

ES(S) —E5(S—1) = —W + eV} /2. (A3)
Using the above tunneling criterion, we obtain the condition
= W+eVy/2+ EH(I) > EV(I+1). (A4)

Similarly, —W — eV} /2 is the minimum energy of an electron in the drain electrode,
and thus ] _
E(I+1) > -W — eV, /2 + Ei(]). (A5)

The requirement for a current to flow in the device is therefore
e|Vy| /2> AEI(I) + W > —e| V4| /2, (A6)

where AE'(I) = E{(I +1) — Ei(I) is the charging energy of the island.

In this work, the charging energies of different molecular SETs were calculated, and
Equation (A6) was used to obtain the so-called charge stability diagram, which shows the
number of charge states inside the bias window as a function of the gate and source—drain
voltages. In detail, the sizes of the central diamonds in the charge stability diagrams for the
investigated air pollutant molecules are shown in Table A1.

Table Al Size of the central diamond in the charge stability diagram of tube-shaped SET configurations with an individual

island molecule.

Island Molecule co NO; 03 SO, CH,;0 CsHg CyHy CsHyp CioHg
Length of a diagonal line in the central diamond 185 99 123 9.3 131 104 9.9 9.4 7.4
along the gate voltage axis (V)
Length of a diagonal line in the central diamond 2.6 16.0 20.0 14.8 21 16.8 156 149 112

along the source-drain bias (V)

Appendix B. SET Configurations with Various Air Pollutant Molecules

The SET configurations for investigating criteria pollutant molecules and hazardous
air pollutant molecules are illustrated in Figures A1 and A2, respectively.
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(b) CO

{d) NO,

Figure Al. (a) Tube-shaped SET with a CO molecule as the island, (b) CO molecule, (c) tube-
shaped SET with an NO molecule as the island, (d) NO, molecule, (e) tube-shaped SET with an O3
molecule as the island, (f) O3 molecule, (g) tube-shaped ET with an SO molecule as the island, and
(h) SO, molecule.
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(b) CH,O

(d) CgHg

Figure A2. (a) Tube-shaped SET with a CH,0 muolecule as the island, (b) CH;0 molecule, (c) tube-
shaped SET with a C4Hg molecule as the island, (d) CgHg molecule, (e) tube-shaped SET with a
CgHyp molecule as the island, (f) CgHyg molecule, (g) tube-shaped SET with a C;yHg molecule as the
island, and (h) CygHg molecule.

Appendix C. Total Energy as Function of Gate Voltage

The total energy of C7Hg in each SET environment as a function of the gate voltage is
shown in Figure A3. The total energies of the criteria pollutant molecules and hazardous air
pollutant molecules in the tube-shaped SET environment as functions of the gate voltage
are displayed in Figures A4 and A5, respectively.
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(a) Conventional SET with vertical C7Hg (b) Conventional SET with horizontal CiHg
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Figure A3. Total energy as a function of the gate voltage for C;Hg in the (a) conventional SET with
the island molecule vertically oriented, (b) conventional SET with the island molecule horizontally
oriented, (c) tube-shaped SET with the island molecule vertically oriented, and (d) tube-shaped SET
with the island molecule horizontally oriented. Different curves correspond to charge states —2, —1,
0, +1, +2.
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Figure Ad. Total energy as a function of the gate voltage for criteria pollutant molecules (a) CO,
(b) NOj3, (c) O3, and (d) SO in the tube-shaped SET environment. Different curves correspond to
charge states =2, —1,0, +1, +2.
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Figure A5. Total energy as a function of the gate voltage for criteria pollutant molecules (a) CH,0, (b)

CsHe, (c) CgHyp, and (d) CygHp in the tube-shaped SET environment. Different curves correspond to

charge states —2, —1, 0, +1, +2.

The charging energies of the island molecules were deduced from the total energies
obtained from the first-principle calculations, as illustrated in Table A2.

Table A2. Charging energy for state I is AEN(I) = ENI+1) — EX(I) at zero gate voltage, where E'(I) is the total energy of
the island molecule with a net charge I. The charging energy of the investigated air pollutant molecule for various states

are shown,
Island Molecule co NO; Os S0, CH,0 CeHe CrHs Cilp CioHs
AE'(+1) (eV) 23.7019 20,3182 19.9398 17.6599 19.4065 123559 11.4820 10.8229 10.0120
AF"[D] (eV) 13.2354 10.4107 10.8392 10.1616 10.2545 B8.1345 7.6662 7.3421 6.7887
ﬁ\Ei[—l] (eV) —1.5923 24329 0.8093 2.6771 —0.2429 -(0.2895 —0.2405 —0.1665 1.0380
AE(-2) (eV) —~7.4722 —6.8920 —6.2228 —3.0606 —£.1735 —3.8604 —3.2489 —2.8812 —-1.9152

Appendix D. Electronic Structures of the Investigated Molecules

Tube-shaped SET with vertical C;Hg
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Figure A6. (a—d) Electron density of an additional net charge of +1 distributed on C;Hg under
the tube-shaped SET environment. The upper and lower panels represent those with vertical and
horizontal C7Hsg, respectively. The charge clouds are illustrated from different viewpoints in the left

and right columns.
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under the tube-shaped SET environment. The fermion energy level is marked in each subplot with

green dots.
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Figure A8. (a—e) Molecular energy spectra of vertically oriented C7Hg with various charge states
under the conventional SET environment. The fermion energy level is marked in each subplot with

green dots.
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Figure A9. (a—e) Molecular energy specra of horizontally oriented C7Hg with various charge states
under the conventional SET environment. The fermion energy level is marked in each subplot with
green dots.

The molecular energy spectra of the investigated criteria pollutant and hazardous
pollutant molecules are illustrated in Figures A10 and All, respectively. It is evident
that these spectra differed, indicating the validity of the tube-shaped SET for identifying
corresponding molecules.
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Figure A10. Molecular energy spectra of neutralized criteria pollutant molecules of (a) CO, (b) NO,,
(c) O3, and (d) SO; in tube-shaped SET environment. The fermion energy level is marked in each
subplot with green dots.
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marked in each subplot with green dots.
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ABSTRACT

Recent progress on qubit manipulation allows application of periodic driving signals on qubits. In this study, a harmonic driving field is added
to a Rabi dimer to engineer photon and qubit dynamics in a circuit quantum electrod ynamics device. To model environmental effects, qubits
in the Rabi dimer are coupled to a phonon bath with a sub-Ohmic spectral density. A nonperturbative treatment, the Dirac-Frenkel time-
dependent variational principle together with the multiple Davydov D; ansatz, is employed to explore the dynamical behavior of the tunable
Rabi dimer. In the absence of the phonon bath, the amplitude damping of the photon number oscillation is greatly suppressed by the driving
field, and photons can be created, thanks to the resonance between the periodic drivin g field and the photon frequency. In the presence of
the phonon bath, one can still change the photon numbers in two resonators and indirectly alter the photon imbalance in the Rabi dimer by
directly varying the driving signal in one qubit. It is shown that qubit states can be manipulated directly by the harmonic driving. The environ-
ment is found to strengthen the interqubit asymmetry induced by the external driving, opening up a new venue to engineer the qubit states.

Published under license by AIP Publishing. hitpsy/ /doi.org/ 10,1063/ 1.509607 1

I. INTRODUCTION

Originally proposed to study the effect of a weak, rapidly rotat-
ing magnetic field on an atom possessing a nuclear spin,"* the Rabi
model represents the simplest interaction between a two-level atom
and a light field and continues to inspire exciting developments in
both mathematics and physics.” Since the two-level system in the
Rabi model and its variants can describe qubits, the Rabi model has
a considerable impact on practical applications in quantum com-
putation and information science.” Recently, the Rabi model has
been used to describe various quantum systems, such as microwave
and optical-cavity quantum electrodynamics (QED),” ion traps,’
quantum dots,” and superconducting qubits in circuit QED."

Such systems are interesting both for fundamental study of
quantum phenomena, such as Landau-Zener transitions,”'" on the
mesoscopic scale, as well as for promising design of future electronic

devices. Multiphoton transitions have been proposed and realized in
Josephson-junction qubits."' For example, Temchenko ef al. studied
the transition between two flux qubits that are biased by indepen-
dent constant magnetic fluxes and coupled to each other as well as
to an unavoidable dissipative environment.'” Zheng et al. reported
new results on dynamical photon localization and delocalization in
a Rabi dimer model with a dissipative bath."”

In particular, advances in QED devices and quantum dots make
them promising candidates for the exploration of a tunable Rabi
model due to their potential scalability and tunable parameters over
a broad range. """ One way is to apply an external driving field
to the cavity,” ' and the other is to impose the driving force on
the qubit. """ It is more common to tune the energy spacing of
the qubit by changing the magnetic flux in the superconducting
quantum interference device qubits,”’ or by applying an external
magnetic field on a spin qubit in a Si/SiGe quantum dot.’
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Dynamics of the tunable qubits is inevitably influenced by their
environments. Environmentally induced fluctuations in the qubit
energies are such an example. The qubit-environment coupling has
been demonstrated to exist in various experiments, such as in a
superconducting charge qubit coupled to an on-chip microwave res-
onator in the strong coupling regime,” in a circuit QED device
with seven qubits,” and in a circuit QED implementation with
a time-dependent transverse magnetic field.”" QED devices typi-
cally work at extremely low temperatures. Dominant noise sources
could be madeled by sub-Ohmic spectral densities or 1/f low-
frequency noises.”* For example, Egger and Wilhelm have shown
that a sub-Ohmic type spectral density can characterize the qubit-
bath coupling in a multimode circuit QED setup with hybrid
metamaterial transmission lines,”” However, the effects of qubit-
phonon coupling on qubit dynamics have not been sufficiently
investigated. Recently, the multiple Davydov D; ansatz has been
developed to accurately treat dynamics of the generalized Holstein
model mth simultaneous diagonal and off-diagonal system-bath
coupling.”*" Influences of qubit-phonon coupling have also been
probed in the dissipative Landau-Zener model using our variational
approach.”

In a previous study,” photon delocalization in a Rabi dimer

has been studied by employing the multiple Davydov trial states.
The external control of the qubit population can be realized in the
same experimental setup to engineer photon delocalization in the
Rabi dimer by applying two independent magnetic fields on the two
qubits. It is, thus, necessary to extend the successful method to sludy
the dynamics of the tunable Rabi dimer in a dissipative bath.”
With respect to the dynamics of the tunable Rabi dimer, qubit polar-
ization and photon dynamics affected by qubit-photon and qubit-
phonon interactions have not received adequate attention. Here, we
continue our endeavor with an accurate treatment ol the many-body
quantum dynamics in a tunable Rabi dimer.

In this work, we apply periodic harmonic driving to a qubit of
the Rabi dimer and explore its effects on the qubit polarizations. We
investigate the impacts of qubit-photon coupling and qubit-phonon
coupling on the photon dynamics in the tunable Rabi dimer using
the multi-D; ansatz with the Dirac-Frenkel variational principle,
Good convergence has been obtained using the employed method,
justifying the validity of our method.

The remainder of this paper is structured as follows: In Sec. 1/,
we present the Hamiltonian and our trial wave function, the multi-
D; ansatz. In Sec. 111, using the Dirac-Frenkel time-dependent varia-
tional principle, we proceed to study quantum dynamics of the com-
posite system when one qubit of the Rabi dimer is under harmonic
driving and the energy splitting of the other qubit is kept constant,
Environmental effects are examined by coupling the qubits to a
sub-Ohmic phonon bath. Photon dynamics in the left and right res-
onators is discussed in Sec. 11 A, and qubit dynamics is investigated
in Sec. I11 B. Conclusions are drawn in Sec. 1V,

Il. METHODOLOGY
A. Hamiltonian of the hybrid system

As illustrated in Ref. 13, we model a Rabi dimer composed of
two coupled transmission line resonators with each interacting with
a qubit. The environmental effects on the device result from the

ARTICLE scitation.org/fjournalljcp

coupling of the qubits to multimode micromechanical resonators,
which are described by a collection of harmonic oscillators. By con-
trolling the magnetic flux through the qubits in the dimer, harmonic

driving can be applied onto the qubits, as shown in Fig. 1. The
Hamiltonian for the hybrid system can be written as follows:
H = Hpp + Hp + Hyg. (1)

The Rabi dimer can be described by the following Hamiltonian
h=1):
H‘lllahi

Hzp = Hfam + —j(alag + a;ta;u), (2)

where | is the photon tunneling amplitude. The energy spacings of
left and right qubits are constants in Ref. 13, and here, we make
them tunable. To be specific, an external driving field can be inde-
pendently imposed on each of the two qublts The left (L) and right
(R) Rabi Hamiltonians H" L/ are given by'*

A;
HR"E}R = cos (St + O;) ot + wia) a; - gi(al +ai)ot,

where %ﬂ cos(Q;t + @;) serves as the periodic harmonic driving field
on the ith qubit and imply tunable energy spacing of the qubit.
@y = @p = 0 is set to simplify the simulations. w; is the frequency
of the photon mode in the ith Rabi system. o, and o, are the usual
Pauli matrices, and a; (a:} is the annihilation (creation) operator of
the ith photon mode. g; characterizes the coupling strength between
the qubits and the photons. We assume that the frequencies of the
photon modes and the qubit-photon coupling strengths are identical
in the tunable dimer, i.e., w, = wg =wp,and gL =gr =g.

To study the dynamics of the tunable Rabi dimer in the pres-
ence of an environment, we model a phonon bath of N quantum
harmonic oscillators by the Hamiltonian Hp and the qubit-phonon
coupling by the Hamiltonian Heg,

N
Hp =) wiblb (3)

k=1

driving
field

==

FIG. 1. Sketch of a tunable circuit QED system studied in this work. Photons hop
befween two transmission line resonators with a tunneling rate of J. An external
periodic driving field is applied to the left qubit. Left (right) qubit is coupled to the
photon mode in the left (right) resonator with & coupling strength of g. Two qubits
interact with a sub-Ohmic phenon bath with a strength of «.
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and .
Heq = Y. ¢y (b] +b)(0F +07), (4)
k=1

where by {bl) is the annihilation (creation) operator of the kth bath
mode with frequency w;, and ¢ is the coupling strength between the
kth mode and the qubits, The qubit-bath coupling is characterized by
a spectral density function,

J(w) = E qbf.ﬁ(w —w) = Z’.awg_’m’e_w”‘, (5)
k

with w; being the cut-off frequency and the dimensionless parameter
« quantifying the qubit-bath coupling strength.”* Since the focus of
this work is the application of an external field on the Rabi dimer, we
use a weak photon tunneling strength /, producing energy levels with
small gaps in the spectrum of the Rabi dimer. Low frequency bath
modes are crucially important to the dynamics, as these modes may
be at resonance with some transitions in the Rabi dimer. Therefore, a
sub-Ohmic bath spectral density with s = 0.5 is chosen in this work.
The logarithmic discretization procedure is adopted to parameter-
ize the low frequency bath modes with balanced numerical accuracy
and efficiency.” The cut-off frequency for the bath modes is set to
w, = wy, and the maximum frequency used in the discretization is
Winax = 20 we.

If the energies corresponding to frequencies of the photon and
phonon modes are high in comparison with the thermal energy
ks T, the oscillators are thermally inactive, and thus, the dynamics
influenced by the bath modes is temperature independent in a wide
temperature range.””’ QED devices typically work at extremely low
temperatures. Therefore, T = 0 is adopted in the current study. It is
straightforward to include the temperature effects in this methodol-
ogy by applying Monte Carlo importance sampling.”” Simulations at
finite temperatures require relatively more computational resources
and will be performed in future studies.

B. The multi-D; ansatz

The multiple Davydov D; ansatz with multiplicity M are essen-
tially M copies of the single Davydov D, ansatz.”"" It is also known
as the multi-D; ansatz and has been employed to study the static and
dynamic properties of various systems, producing excellent numer-
ical efficiency and accuracy in a broad parameter regime in the
presence of both the diagonal and off-diagonal system-bath cou-
pling.'********% 1 this work, the multi-D; ansatz is employed to
treat accurately both the off-diagonal qubit-photon coupling and the
diagonal qubit-phonon coupling in Eq. (1) and can be constructed
as

DY (1)) = 3. [An(t)| 11 ) + Ba(t)| 14 ) + Cu(t)] 1)

n=1
+Da(t)] 44 )] @ ln ) [vn) glrin) g )

where |11) = |t)L ® |4} with T () indicating the up (down) state of
the qubits. !F")L and |v")R are coherent states of the photon modes

ltn), = exp[un()a - s (a0}, (7)
|Vr|)R = exp [vﬂ (t)ak = vy (£) aR]|O)R, (8)
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where |0)1(g) is the photon vacuum state of the left (right) resonator.
(1) p is the coherent state of the phonon bath

) = erP[? nuk ()b} - n:k(r)bk]tﬂ)n- )

with |0)s being the vacuum state of the phonon bath. In Eq. (5),
Au(0), By(£), Calt), Du(t), prn(t), vu(t), and n,(t) are time-dependent
variational parameters to be determined via the time-dependent
variational principle. Ay is the probability amplitude in the state
| 11 )ip,.)|‘|v..)n|r}n)ﬂ, Un (va) is the displacement of the left
(right) photon mode, and #, is the displacement of the kth bath
mode.

C. The time-dependent variational principle

Equations of motion for the variational parameters are
derived by adopting the Dirac-Frenkel time-dependent variational

principle,
d{ aL oL
5(55“)5“0 4
where a, are the variational parameters, ie., An(t), Ba(t), Cu(f),
Du(8), pa(t), va(t), and 7,4 (t). The Lagrangian L is given by
A8 8
L=302 (0l - 5

Details of the derivations can be found in the Appendix,

DY (1)) - (DY (BIHIDY (1)). (1)

D. Observables

Employing the Dirac-Frenkel time-dependent variational prin-
ciple with the multi-D; ansatz, we investigate the bath induced
dynamics of a Rabi dimer with specific contributions from individ-
ual bath modes presented explicitly. The time evolution of photon
numbers in two resonators is given by

Ni(t) = (DF'(1)la a1 DY (1))
M
= 2[4 (0A(0) + B (9B(1) + G (G (1)
+D} ()Da(t) [B7 ()pn()Sn (1), (12)
Nr(t) = (D3 (£)lahar|D} (1))
= % [Ar (£)An(t) + B ()Ba(t) + C ()Cn(t)
ln
+ D (£)Da(8) o7 (£)va(£)Sun(2), (13)
where S, (t) is the Debye-Waller factor,
S = expw () = 30 = 3 (O

exp|vi (B)9a(t) = 3 (O = S (1)

e 2 (1m0 3P - JnutF)]- 10

k
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The time evolution of the photon imbalance is Z(1) = N.(1)
— Nr(t) and that of the total photon numberis N(f) = N¢(¢) + Nr(t).
These quantities are used to characterize photon localization and
delocalization.

In addition to photon dynamics, the time evolution of the qubit
states is recorded during the simulations by measuring the time
evolution of the qubit polarization via

(7:(1)) = (D2 (1)|o2|D3" (1))
M
- :Z [47 (6)An(2) + B} (£)Ba(t)

=G OGO =D (Da(®)|Su(t),  (15)
(03 (1)) = (D (1) |03 |D¥ (1))

M
" Z[Af(t)An(r) =By (£)Ba(1)

hn
+CT (1)Ca(t) - D:{r)D,,(r}]s,-., (1). (16)

As given in Hamiltonian (1), the qubits serve as a bridge to con-
nect the photon and the phonon modes, transferring bath-induced
impacts to the photons. Combining influences from the photons
and the bath, our calculated qubit dynamics reflects the complex
interactions between the photon modes and the phonon bath.
Thanks to the methodology adopted here, the temporal evo-
lution of the phonon bath can also be obtained explicitly. To
reveal the participation of individual phonon modes in the Rabi

dimer dynamics, we calculate the population on the kth mode as
follows:

Ne (1) = (D5'(0)[blbelD3 (1))

= 3 [AT () A(0) + B} (£)Bu(1) + €T (4)Cu(1)

Ln
+D7 ()0 (8) | (£ C£)Sin (1): (17)

Through interacting with the qubits, the phonon bath gradually
gains sufficient energy from the Rabi dimer to affect the dynam-
ics of the photons and the qubits. In return, the influences of the
QED system on the bath modes can be investigated by calculating
the populations dynamics NP (¢).

lll. RESULTS AND DISCUSSION

Used as comparison is a case where the qubits and the photons
are at resonance in the absence of a driving field. The parameter set
chosen is Apfwy = Agl/wo = 1,21 = Qg = 0, and &, = Dy = 0. In the
absence of a phonon bath and a driving field, the photon dynam-
ics is determined by the cooperation between ] and g. A relatively
weak photon tunneling rate J = 0.05wy is adopted here, and the
quadrature-quadrature coupling between the two photon modes is
neglected."** According to recent experiment,” ultrastrong qubit-
photon coupling (USC) is preferred; thus, the qubit-photon coupling
strength is set to g = 0.3 wp. The combined effects of J and g used
here lead to photon delocalization over two resonators in a bare
Rabi dimer.* We choose a qubit-bath coupling strength of & = 0.1
to model the phonon effect. A two-qubit gate has been studied by
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Hénggi et al., and an ac field was acted upon one of the qubits to
induce a time-dependent level splitting. Here, a harmonic drivin g
field is applied to the left qubit without loss of generality. Similar
to previous experimental and theoretical work,""" a fully localized
photon state is prepared by pumping N(0) = 20 photons into the
left resonator while keeping the right one in a photon vacuum with
#i(t = 0) = V20 and pyei(f = 0) = v,(t = 0) = 0. The qubsits in the
two resonators start to evolve from their down states with A,(t = 0)
=Bu(t = 0) = Cy(t = 0) = Dyp=1(t = 0) = 0 and Dy(t = 0) = 1. The
phonon bath is initially in a vacuum state with (¢ = 0) = 0. The
validity of our approach has been extensively tested in the previ-
ous work, and calculations are performed with a sufficiently large
multiplicity M in this work. The multiplicity M = 8 and number of
phonon modes Ny, = 0 are set for cases of @ = 0, while M = 6 and
Ny = 60 is used for cases of @ = 0.1, The reader is referred to Ref, 13
for details of the validity study.

As the driving force is exerted on the left qubit, the site energy
on the qubit can be directly controlled by following parameters:
the driving field strength Ay, the harmonic driving frequency Q;,
and the ratio between them R = A;/Q;. The effect of the driving field
will be transferred to the left photon mode via the qubit-photon cou-
pling g. In the proposed QED device shown in Fig. 1, the photons
initially created will hop between two resonators with a tunneling
rate of /.

A. Photon dynamics

We first study the photon dynamics in the composite system.
Shown in Fig. 2 are the time-dependent photon numbers in two
resonators in the absence of the phonon bath. The photons hop
between the resonators due to the interresonator tunneling rate /.
For the case without a driving field and a phonon bath, as shown in
Fig. 2(a), the photon number in an individual resonator approaches
halfof the initial total photon number, indicating photon delocaliza-
tion with quasiequilibration in two resonators at long times.'” Due to
the qubit-photon coupling, the oscillation amplitude decays as time
evolves. The decrease in the oscillation amplitude can be seen as a
purity loss in one Rabi model or the decoherence in the Rabi dimer. ™
Upon applying a harmonic driving field to the left qubit, the external
field provides energy to the Rabi dimer and the oscillation ampli-
tude damping of the photon numbers is suppressed, as displayed in
Figs. 2(h)-2(d). Hanggi et al. discovered that the decoherence in the
two-qubit system at low temperatures can be significantly slowed
due to the application of the harmonic driving, and the purity loss
depends on the ratio R between the driving field strength A; and the
driving frequency Q(."" As expected, Figs. 2(b1-2(d) show that the
decay of the oscillation amplitude of the photon number is decel-
erated by an increasing ratio R with the fixed driving field strength
AL = wyp.

Upon turning on the qubit-bath coupling, the photon num-
bers in two resonators deviate dramatically from those without a
phonon bath, as shown in Figs. 2 and 3. In the absence of the driving
field, the oscillation amplitude of the photon numbers in Fig, 3(a)
drops faster than those in Fig. 2(a}, since the phonon bath absorbs
the energy from the qubit via the qubit-bath coupling, leaving few
photons active in the resonators at long times. Our results are in
agreement with the conclusion that the environmental noise may
lead to strong purity loss in a Rabi model." The field applied in
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FIG. 2. Time evolution of the photon
numbers in the left [N.(f)] and right

[Nr(f)] resonators without phonon bath
(e = 0). Various fields are applied to the
left qubit: (a) A, =Ar = wy, 2, =Qr =0,

(b) A = wp and ¢ = wy, (¢) AL = wy
and Q; = 0.1 wy, .and (d) Ay = wg and
€ = 0.05 wq. There is no field on the
right qubit (Az = 0) in (b)=(d).
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Fig. 3(b) is the same as that for Fig. 2(b). It is found that a driving
field with strength A; = wy is incapable to keep the photons active
and cannot significantly offset the photon dynamics.

In order to offset the dissipative effects from the phonon
bath, the driving field strength is increased to a larger value of
A; = 10 wp, and the ratio R = Ap/Q; varies from 10 to 200, as
shown in Fig. 4. The phononic effects on the photon dynamics under
a strong field are much weaker than those under a weak field. As
shown in Fig. 4, a larger ratio R implies a lower harmonic driv-
ing frequency, and the oscillation amplitude of the photon num-
bers generally decay faster as R increases in the presence of the
phonon bath. In contrast, the decay of the oscillation amplitude
becomes slower as R grows larger when the phonon bath is absent,
as shown in Fig. 2. This is because the photon bath has only one
mode with the frequency of wp, while the phonon bath includes more
low-frequency modes. The sub-Ohmic phonon bath has strong dis-
sipative effects on the photon dynamics for low-frequency driv-
ing. Detailed phononic effects on the photon numbers can be bet-
ter understood by the corresponding population dynamics of the

bath modes, as shown in Fig. 9. It is found that a strong driving
field can significantly suppress the decay of the oscillation ampli-
tude of the photon numbers even in the presence of the phonon
bath.

Next, we study the time evolution of the photon imbalance in
the presence of the qubit-bath coupling of & = 0.1. As shown in
Fig. 5, the oscillation amplitude for the no driving case decreases to
2 around t/ = 14, In comparison, slower decay is presented as the
driving field strength increases with a harmonic driving frequency
of @, = 0.5 wy. This is because the oscillation amplitude of the pho-
ton number evolution decreases more gradually when the ratio of
the field-strength and frequency is raised. Varying the driving field
strength is similar to tuning the qubit-photon coupling strength and
the tunneling rate, leading to a more delocalized photon state.'” As
extensively studied by Savel'ev et al., manipulation of one qubit can
be realized by applying an ac signal to an adjacent qubit coupled
with it via interqubit interaction.”**** We have a more sophisti-
cated system with two photon modes and one phonon bath, but
we still can indirectly alter the photon imbalance between the two

FIG. 3. Time evolution of the photon
numbers in the left [N.(f)] and right
[N(f)] resonators with phonon bath
(a'= 0.1). Following fields are ‘added to
the left qubit: (a) AL = Ar = wg, 2 = Qg
= 0; (b) A = @y, Ap =0, and Q; = wy.
The multiplicity M and the number of
phonon modes Niae, Used in the related
calculations are M = 6 and Ny, = 60.

2 25 - ~
(a)No driving __NL([) (b)AL =1.0 Wee A = 1.0 wy
20 20 =1.
§ —N(t) 4 R=10
=]
E15 E15
B =
c B
§10 §10
4 g 5
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resonators by changing the driving signal in one qubit coupled to
its related resonator. The photon dynamics in one resonator can be
further controlled by manipulation of the driving field on the qubit
coupled to the neighboring resonator. With a fixed qubit-phonon
coupling strength, it is the competitive qubit-photon interaction

10 15

g and interresonator photon tunneling J that determine the pho-
ton dynamics in a Rabi dimer, Hausinger and Grifoni have shown
that the external driving field on the qubit can amplify the
effects of qubit-photon coupling.”” Therefore, | appears relatively
weaker compared to the effective g as the driving field strength

photon imbalance

s N~ B0

- No driving
Ay = 1.0wg
Ap = 100w,

FIG. 5. Time evolution of the pho-
fon imbalance Z(f) with phonon bath
(& = 0.1). Following figlds are added to
the left qubit: A, = Az = wy and &
= Qg = 0 for the red dotted line, A,
= wy for the black solid line, A, = 5.0 wy
for the blue dashed-dotted line, and
Ay = 10.0 wy for the green dashed
line. The driving field frequency is 2,
= 0.5 wp. There is no field on the right
qubit {(Ag = 0) for nonzero Ar. The amow
indicates changes in oscillation periods
due to increasing driving field ampli-
tudes. The multiplicity M and the number
of phonon modes Neayy Used in the cor-
responding simulations are M = 6 and
Nnam = 60

15
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is increased,* leading to longer period oscillations of the photon
imbalance as shown in Fig. 5. This longer period for stronger A,
is detectable at long times as illustrated by the arrow at around
=113

We then explore the time evolution of the total photon num-
ber to study photon creation in the absence of the phonon bath,
as shown in Figs. 6(2) and &(b). Initially, the total photon number
is 20, and all the photons are found in the left resonator. With-
out the external field, the photon number decreases at short times
because the right photon mode is in its initial vacuum state. The
high-frequency oscillations in the time evolution of the total pho-
ton number have the same frequency as the photons, which is much
larger than the photon tunneling amplitude / = 0.05 wo. At long
times, though the qubit-photon coupling g = 0.3 wp is strong enough
to ensure photon delocalization over two resonators in a bare Rabi
dimer, the photon numbers stay almost constant during interres-
onator tunneling, as presented by the red dotted line in Fig. 6(a). The
application of various harmonic driving fields scarcely affects the
total photon number if the driving field frequency Q is off-resonant
with the photon frequency wp. With a fixed photon frequency wo,
we can vary the frequency of the harmonic driving Q. If £, is in
resonance or near resonance with wo, the total photon number is
found to increase with time, as shown in Fig. 6(b). Even in sim-
ple driving models with a single qubit, rich physics has sometimes
been uncovered, thanks to the resonance between the permdlc_driv—
ing field and the energy splitting in the qubit systems.""*""'"" In a
strongly driven superconducting qubit, a fringe pattern can be found
in the peaks of mterqul:nt transition probability around multiphoton
resonance positions. ' Cao and Zheng studied a driven spin-boson
model with the driving field frequency in resonance with the tunnel-
ing in the two level system and found a damped oscillation for weak
driving and an undamped, large-amplitude coherent oscillation for

ARTICLE scitation.org/journalljcp

strong driving.” In our model, after the application of the harmonic
driving of ©; = wp to the left qubit, the total photon number is kept
larger than the initial total photon number due to the resonance
between the periodic driving field and the photon frequency, as dis-
playedin Fiz (). In contrast, the addition of a phonon bath leads to
the decrease in Lhe total photon number, as shown in Figs. 6(c) and
&(.1). Evenin the presence of the phonon bath, the total photon num-
ber can be compensated by applying a driving field of a sufficiently
large amplitude, comparing to that without the field. As indicated
in ligs. 61c) and 6(d), the total photon numbers can be more easily
controlled using a resonant driving field than using an off-resonant
one.

B. Qubit dynamics

In addition to the photon dynamics, the time evolution of the
qubit polarization can be monitored. As shown in Fig. 7, the qubit
dynamics can be directly tuned by the external driving field. When
the phonon bath is absent, the left qubit is controlled by the driving
field, the photon mode, and the photon tunneling. Here, we choose
a driving field with Ay = 10 wg and Q¢ = 0.1 wp, and examine the
influence of the field and the photon mode on the polarization of the
left qubit. The qubit is initially in its down state. As time evolves,
the mixing effects lead to segmented oscillations in the left qubit
polarization, as displayed in Fig. 7(b). There are at least four types of
energy contributions to the oscillation of the left qubit polarization:
the energy of driving field with frequency Q, the photon energy
with frequency wo, the photon tunneling energy 2 J, and the split-
ting energy F(1) = Ay cos(€.t) in the left qubit. It can be found that
the driving field determines the pattern with the frequency of Qi,
by comparing Iigs. 7(a) and 7(b). In the first plateau of Fig. 7(b),
the left qubit polarization oscillates with small amplitudes and the

25 25
(3) 1 =0.05 bﬂ ~10uu' e
ol Lo, N R _
g 20 — _ﬁw 'g 20 TR
5 3 :
€15 =15 FIG. 6. Time evolution of total photon
§ 8 number. The qubit-bath couping « and
S10 <o Ny driving 210 the driving field frequency £ are (a)
5 — A =10 | B — A= Ly a=02nd ©, =005 w; (b)a=0and
T 5 ey =000 | B 5 a=0 o=y, = 5.l Qi = 10wy (c)x=01and Q; =005
©° ——AL=100uy | © ! == Ap= 100w wy: and (d) & = 0.1 and ;. = 1.0 wp,
ol 0 In each subplot, the following fields are
10 15 0 5 10 15 added to the left qubit: A, = Ag = wy and
tJ tJ € = Qp = 0 for the red dotted line, A,
25 — - 25 - =1.0 wy for the black solid line, A, = 5.0
L TR 005w, NG driving . @0 =10wy A — 10w wp for the blue dashed-dotted line, and
820 —AL =10 | 220 —me Ay, = kg A = 10.0 wq for the green dashed line.
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s 8 and the number of phonon modes Nbag
10 210 used in the calculations are M = 8 and
=% a Niati = 0 for (a) and (b) and M = 6 and
® 5 a=01 "7 T 5 a=0.1 Neary =60 for (c) and (d). :
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time-dependent frequency of-F(t), as indicated by the red arrows,
Once the energy difference between the up and down states of the left
qubit approaches zero, the left qubit flips from the down (up) state
to the up (down) state as denoted by the black down arrows, leading
to the second (third) plateau in the overall trend. After flipping at
t] = m/4, the splitting F(f) becomes larger and prevents further flip-
ping until F(t) is close to zero again at tJ = 37/4. In each plateau,
the qubit polarization oscillates with a small amplitude and a high
frequency due to the combined effects of photon oscillations and
the changing qubit splitting energy. This small amplitude can be
understood as follows: The photons flow from the lcfi (right) to the
right (left) resonator, as shown in Fig. 7{c). Too few photons in the
left resonator are available to affect the qubit polarization at around
t] = n/2, leading to small amplitude oscillations in the second plateau
of the qubit polarization.

As shown Fig. 3, the external driving creates asymmetry
between the left and right qubit polarization. In Fiyx.. 5ia) and &b,
there is no phonon bath, and the oscillation amplitude decrease in
the absence of a phonen bath, the interqubit asymmetry (ie., the
difference between the blue and red curves) grows as the field
strength is increased. The oscillation amplitude of the right qubit
polarization (blue) vanishes at shorter times in Fia_ (.1} than that in

Fig. 8(b). Segmented oscillations (square-wave like patterns) appear
in the left qubit polarization (red) and are strengthened as the field
strength is increased. In Figs. 8(c) and 8(d), when the bath is present,
the segmented oscillation shows a higher oscillation amplitude com-
pared to its counterpart without a phonon bath. In particular, the
qubit polarization shows a time periodicity of 27/€; under a strong
driving field. In Figs. 2(c) and &(d), the asymmetry between the
left and right qubit polarization becomes more obvious, when the
phonon bath is present. The phonon bath is diagonally coupled to
the qubits and can be treated as a bias on the qubits. The bath can
then trap the qubit in its up or down state, resulting in more pro-
nounced asymmetry between the left and right qubits. It can also be
understood as follows: Due to the driving field, it is more difficult
for the left qubit to flip than the right qubit, as the left qubit flips
only when F(t) = 0. The results of qubit polarization indicate that we
can manipulate the qubit state directly by harmonic driving, More-
over, the asymmetry between the two qubits can be strengthened by
the environmental phonons, leading to a new venue to engineer the
qubit states.

In order to gauge the participation of individual phonon bath
modes in the tunable Rabi dimer dynamics, we study population
evolution of the bath modes. Thanks to our wave function based
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FIG. 8. Time evolution of the qubit polar-
ization (o () ) and (aR(t)). The qubit-
bath coupling @ and the driving field
parameters are (a) o = 0, Ay =50 wy,
and € = 0.05 wp; (b) « =0, 4, = 10,0

wy, and £ = 0.05 wy; (c) e =01, Ay
= 5.0 wp, and £ = 0.05 wp; and (d) a
= 0.1, AL =10.0 wp, and £2; = 0.05 wp!

qubit polarization
o
qubit polarization

There is no field on the right qubit (A5
= 0). The multiplicity M and the number
of phonon modes Nyes Used in the cal-
culations are M = 8 and Ny, = 0 for (a)
and (b) and M = 6 and Noagy = 60 for (c)
and (d).

method, detailed phonon dynamics is available to shed light on
the interplay between the electronic and phononic degrees of free-
dom (DOFs). In contrast, the phononic DOFs are traced out when
constructing the reduced density matrix in the density matrix based
methods, and explicit information of the bath dynamics is lost.'"**
Without the driving field, two qubits can freely flip and the total
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(b) Ay, = 100wy, (O, = 0.5,

photon number decreases continuously, exciting a large number of
phonon modes via the qubit-phonon coupling.'” After application
of the harmonic driving, interesting physics can be obtained from
detailed phonon dynamics. As shown in Fig. 9(a), the phonon bath
is at its vacuum state at t = 0. At short times, there is an energy influx
into the bath modes with frequencies near 1.5 wy."” After t] = 2, there

FIG. 9. Population dynamics of the bath
modes. The following fields are added
to'the left qubit: (a) A; = 10.0 wy and
Q = wy (b) AL = 100 wy and
Q =05 ay; () A = 100 wy and
€ = 0.1 wp; and (d) A, = 10.0 wy and
€21 = 0.05 wg. There is.no field on the
right qubit (Ag = 0). The multiplicity. M
and the number of phonon modes Nyas
used in the calculations are M = 6 and
Nhah = 60.

J. Chem. Phys. 150, 184116 (2019); doi: 10.1063/1.5096071
Published under license by AIP Publishing

150, 184116-9



The Journal
of Chemical Physics

is an increase in the population of wy = 2.0 wy, which is attributed
to the energy passed by the two qubits from their coupled photon
modes with the frequency of wp to the phonon modes. Since the
left qubit flipping is determined by the driving field, the population
of phonons that are in resonance with the driving field frequency
Q; = 1.0 wy grows larger. Low-frequency phonons are gradually
excited at long times because the sub-Ohmic phonon bath is fea-
tured at low-frequency regimes. As presented in .. Uih)-uid),
the phonon modes in resonance with the periodic driving field fre-
quency £ dominate the phonon dynamics, if Q; is smaller than
wo. This is because the qubits are directly coupled to the phonon
bath, and the left qubit continuously receives external energy from
the strong field Ar = 10wg and switches its orientation at a low fre-
quency £ < wp. In Fig. 9(b), phonon dynamics is dominated by
active phonons with frequencies around 0.5 w. Among the four cases
shown in Fig. 9, more low-frequency phonon modes are found in
Figs. 9(c) and 9(d) to contribute to the dissipative elfect. Therefore,
a smaller oscillation amplitude of the photon numbers in the left
and the right resonator is observed at t/ = 15in Fip . 1 )and 414,
compared to those in Figs. 4{a) and 4(b).

IV. CONCLUSION

In our previous work,"® we studied the intriguing role played
by the qubit-phonon coupling in engineering photon delocalization
in a dissipative Rabi dimer in the absence of external fields, In this
work, we extend our formalism to investigate the influence of a har-
monic driving field in the vicinity of one of the qubits on the dynam-
ics of the composite system. Following the Dirac-Frenkel time-
dependent variation principle, the photon and the qubit dynamics
are probed by employing the multi-D; ansatz. The external har-
monic driving field can provide energy to the Rabi dimer and slow
the amplitude damping of photon number oscillations induced by
qubit-photon coupling in the absence of a phonon bath. Especially,
the total photon number is found to be larger than, or equal to,
its initial value due to the resonance between the periodic driving
field and the photon frequency. In the presence of the phonon bath,
the photon numbers are dramatically reduced and the reduction
can be partially compensated by strong driving fields. It is revealed
that the qubit polarization can be tuned by the harmonic driving,
Low-frequency segmented oscillations can be found in the time evo-
lution of the left qubit polarization if the driving field frequency is
not high. Environmental effects can strengthen the qubit state asym-
metry induced by the driving field. Finally, our phonon dynamics
analyses based on the multi-D; ansatz can successfully identify the
contribution of specific phonon modes to the time evolution of the
photon numbers and the qubit polarization. Recently, simultaneous
manipulation of the two qubits has been proposed in a system of
two superconducting flux céubits interacting with each other through
their mutual inductance.” Work on simulating photon and qubit
dynamics is in progress by applying separate external fields on the
two qubits.
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APPENDIX: THE TIME DEPENDENT VARIATIONAL
APPROACH

The Dirac-Frenkel variational principle results in equations of
motion of the variational parameters as follows:

M
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M +
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where the auxiliary terms are

I oW
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(A9)

Ap(t) = Apcos(Qut + D), (A10)
Ar(t) = Ag cos(Qpt + dg), (A11)

@2 = Al An+ B} B, + C/ Cy + D} Dy, (A12)
€0 = Al Ay + B} By — T Cy— DDy, (A13)
@ =AlAn—B;B,+C/ Cy— D] Dy, (A14)
@ = Al Cu + B Dy + G} Ay + D} By, (A15)
® = A} Bn+ Bl Ax + C/ Dy + D] Cy. (A16)

By numerically solving these equations at each time t, one can
calculate the values of Ay, By, Cuy Duy fin, ¥u, and i1, accurately.
The fourth-order Runge-Kutta method is then adopted for the time
evolution of the tunable Rabi dimer, including the time-dependent
photon numbers, qubit polarization, and population of the bath
modes.
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Holstein Polaron under the Iﬂuence of an External AC

Electric Field

Zhongkai Huang, Masayuki Hoshina, Hajime Ishihara, and Yang Zhao*

Theoretlcal Formallsm for DC-field polaron dynamics is extended to the

multlpie Davydov trial states. Effects of carrier—phonon coupling on detuned
and respnant scenarios are mvest:gated for both phase and nonzero. phase

e Bloch osc:[latlons in both the spatlal and the tempora] dlmen

Super Bloch oscillations are damped by carrier-phonon coupling. For

resonant cases, if the carrier is created on two nearest- -neighboring sltes, the
- ca wave packet spreads with small-amplitude oscillations. Addlng
carrier-phonon coupling localizes the carrier wave packet. If an initial broad
‘Gaussian wave packet is adopted, the centroid of the carrier wave packet
~moves with a certain velocity and with its shape unchanged. Adding
ca'rrier%phonon coupling broadens the carrier wave packet and slows down
the carrier movement. Our findings may help provide guiding principles on
how to mampulate the dynamics of the super Bloch oscillations of carriers in
semlconductor superlattice and optical lattices by modifying DC and AC field

s-trengths AC phases, and detuning parameters.

1. Introduction

Since the first experimental report of time-domain Bloch oscil-
lations (BOs) in superlattices under an external electric field,
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the oscillation and dynamical localization
of electrons in spatial and temporal do-
mains have attracted great attention./!l In
perfect crystals, lattices generate a pe-
riodic potential and the Bloch theorem
predicts that electronic states can extend
uniformly over the whole system, How-
ever, when a uniform electrical field F
is applied, all eigenstates of the single-
electron tight-binding Hamiltonian be-
come spatially localized Wannier-Stark
states due to Bragg reflections, while
electrons keep oscillating within a fi-
nite volume if scattering effects are ne-
glectable. The periodic motion occurs
in real and reciprocal space, and is
known as the BOs.Pl The center-of-
mass of an electronic wave packet per-
forms a periodic oscillation with an am-
plitude given by the Stark localization
length L = J/aF, where | is a tunnel-
ing coefficient and a refers to the lat-
tice constant along the field direction P-4l
Since scattering processes are induced by
defects and environment effects, an experimental detection of the
BOs is highly nontrivial. In the 1970s, Esaki et al. firstly proposed
that the BOs are achievable in semiconductor superlattices,”! By
1992, the first observation of the BOs was reported by Feldmann
et al. in superlattices under an external electric field.!'l More re-
cently, cold atoms and Bose-Einstein condensates (BECs) in op-
tical lattices have been revealed as a very convenient quasipar-
ticles to undergo the BOs since the scattering processes can be
significantly reduced.*'% To probe the mechanism by which the
BOs take place, the dynamics of the carrier wave packet has been
extensively studied in various physical systems,"?!! including a
semiconductor waveguide!?! and a thermo-optic polymer array
subjected to a temperature gradient.!?!

In the last decade, there has emerged much interest in dy-
namics of a quasiparticle affected not only by a direct cur
rent (DC) field but also by a superimposed alternating cur-
rent (AC) field.*? Influences of the DC and AC field have
been theoretically and experimentally reported for the BECs in
optical lattices,*®3! for charge carriers in organic materials,**!
for light in periodic optical waveguide arrays % for carriers
in a 1D quantum-dot superlattice,*¥ and in a semiconductor
superlattice.*! It has been shown that particular AC fields re-
sult in localized wave packet for certain AC frequencies #3334l

© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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This kind of localization is known as dynamical localization and
it is conceptually different from Anderson localization.’7?* Dy-
namical localization has been experimentally reported in cold
atoms and the BECs in 1D optical lattices %% Remarkably, it
was demonstrated that a weakly interacting BEC in a harmon-
ically driven tilted potential can support directed transport or
large amplitude oscillations of the wave function, depending on
the driven frequency.?##2 In 2010, Haller et al. observed giant
center-of-mass oscillations of a weakly interacting atomic BECin
real space with a displacement across hundreds of lattice sites
when they added a periodic modulation to the force near the
Bloch frequency, and firstly named the oscillations as super Bloch
oscillations (SBOs).!* Kolovsky et al. soon followed up with a the-
oretical explanation: when the AC frequency is close to the Bloch
frequency, the difference between the two frequencies leads to
the SBOs, and anear resonant driving transforms Wannier—Stark
states into new “super” Wannier-Stark states with a localization
length L =~ J/aF, where J is an effective tunneling coefficient,
and F corresponds to an effective field 1#*! The term “super”
refers to the fact that the amplitude in position space of such
an oscillation is several orders of magnitude larger than that for
usual BOs 24471

Environmental effects are of essential importance to dynam-
ics of the BOs and SBOs in target systems such as semiconduc-
tor superlattices, organic materials, and quantum dots. Due to
the complexity of system-bath interactions, it is difficult to de-
vise exact analytical solutions to the dynamics of these systems
under the influence of external electric fields. Frohlich's model
of polaron was employed in 1970 by Feynman et al. to study the
motion of an electron in a polar crystal ina strong electric field.*¥
Later, much theoretical work focused on transition rate probabil-
ities, which can be derived from the rate equations or the Boltz-
mann equation.***% In the 1990s, Holthaus et al. proposed to
use AC fields to localize the carrier in disordered semiconductor
superlattices*!l and carried out 2 systematic study on carrier lo-
calization in AC-field-driven tight-binding lattices.?”) However, a
fully quantum mechanical modeling of polaron dynamics under
the simultaneous presence of the DC and AC fields has not re-
ceived much-deserved attention over the last decades. Moveover,
regardless of the rapid experimental progress on the SBOs*'*#
little theoretical work has been devoted to study the dynamics of
the SBOs. 772

Despite extensive studies on the BOs, roles of the complex in-
terplay between the carrier and its accompanying phonon cloud
still remain an open question.?’! With respectto dynamics of the
BOs in the Su-Schrieffer-Heeger model for polymers!15165455]
and the Peyrard-Bishop—Holstein model for DNA,*9 the phonon
bath is treated classically and the associated carrier—phonon cou-
pling semiclassically. In 1997, Bonéa and Trugman used the 1D
Holstein molecular crystal model to study dynamics of an elec-
tron coupled to optical phonons under a strong electric field.
Their work retained full quantum coherence in the description of
nonequilibrium dynamics of a polaron [5357-5% Recently, the crux
of transient dynamics of the BOs was laid out in our previous
study by employing the multiple Davydov trial states.!”l Since the
dynamical control of the SBOs can be realized in the same experi-
mental setup for the engineering of the BOs, it is necessary to ex-
tend the successful method for the dynamics of the BOs to study
the influence of carrier-phonon coupling on the SBOs.*"l With
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respect to the SBOs, spatial and temporal dynamics affected by
carrier—phonon interactions has not received adequate attention.
In fact, little can be found in the literature on how system-bath
interactions affect the dynamics of the SROs. Here, we continue
our endeavor with an accurate theoretical treatment of dynamics
of the SBOs of a carrier coupled to phonons.

In this work, we investigate the impact of diagonal carrier—
phonon coupling on polaron dynamics in a ring system in the
presence of the DC and AC electric fields using the multiple
Davydov D; Lrial state with the Dirac—Frenkel variational princi-
ple. The restof the paper is structured as follows. In Section 2, we
present the Hamiltonian in the gauge transformed form and our
trial wave function, the multi-D; Ansaiz. Dynamics of the SBOs
is examined in Section 3. Polaron dynamics for the detuned and
resonant cases is discussed in Section 3.1. Finally, polaron dy-
namics for nonzero AC phase is described in Section 3.2. Con-
clusions are drawn in Section 4.

2. Methodology
2.1. Model

The Hamiltonian of the 1D Holstein polaron reads
Ff - H;q i 2 jI:'ph +* Fi(:i--Ph {1)

where F., Hl.h. and FL-_..__Fh are the charge carrier Hamiltonian,
the bath {phonon) Hamiltonian, and the carrier—phonon cou-
pling Hamiltonian, respectively. An extra term

(Fac + Fac €08 (@35ct + ac)] ) 10 2

[

is added to represent the scalar potential interactions induced
by the external electric field, Fj denotes a DC field and
F.c COS(twyet + ) Serves as an AC field. In the presence of the
external field, the potential of the field at the boundary of the sys-
tem was found to become discontinuous if the periodic bound-
ary conditions were taken into consideration via bending a linear
chain into a ring.% This problem can be circumvented by adopt-
ing a gauge transformed vector potential, thatis, A(t) = — Fyet —
Lie sinfwnct + hsc) 1612 Then, we can recast Equations (1) and (2)
as a gauge transformed Hamiltonian for the ring system under
the external electric field

o= =] Y b (6400 + o7 )
Hﬂ‘ = ‘””Z bl b,
I:Im_ pb = —f o Z ﬂ:lﬂn {bn + bll) (3)

where a! (a,) and b, (h) are the carrier and phonon creation (an-
nihilation) operators for the n-th site, respectively. Written in the
phonon momentum space, one has

Hyp=> obb, (4)

1

Fapn=—N g 3 wybin (e17by +e anp!) (5)
n.q
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where w, is the phonon frequency with momentum g, and 5;

(Bq] is the creation (annihilation) operator of a phonon with the
momentum g

by = N2} e"bl, bl = N2y eiang (6)
" q

J and g are the transfer integral and the diagonal carrier—phonon
coupling strength, respectively. There has been related theoreti-
cal work that using the Holstein model to describe an electron
interacting locally with dispersionless phonons under a strong
electric field in an inelastic quantum transport process."® The
full quantum coherence was revealed to be retained in the model
and dispersionless phonons were found to absorb the excess en-
ergy from the external field to avoid infinite drift velocity of the
electron**8¥ [n this work, we consider dispersionless phonons,
that is, wy = wo. In the remainder of the paper, wy is set to unity
as the energy unit.

2.2, Multiple Davydov Trial States

The multiple Davydov trial states with a multiplicity M, which
are essentially M copies of the corresponding single Davydov
Ansatz, have been developed to investigate the time evolution
of the Holstein polaron following the Dirac—Frenkel variational
principle.® A series of multiple Davydov trial states, that is, the
multiple Davydov Dy, Dy 5, and D; Ansitze, have been proposed,
demonstrating significant improvements over single Davydov
states in the flexibility and the accuracy of the trial states. 6™l
Recently, the multiple Davydov D, trial state, also known as the
multi-D, Ansatz, has been successfully applied to obtain accu-
rate dynamics of a variety of open quantum systems,** /% includ-
ing the singlet fission model”" and the dissipative Landau~Zener
model 7273

The multi-D; Ansatz employed in this work can be constructed
as

M N
ID2() = 323 vin ) 1) )

M N
= Z E wiuﬁl |0>ca EXP Z [Aiq B.} = ;\T,;Bq]} ‘O}ph
i " q

where ¥, and A;, are time-dependent variational parameters for
the carrier probability and the phonon displacement, respectively,
n represents the site number, and i is the coherent superposi-
tion index. If M = 1, the |DY(t)) Ansatz is restored to the usual
Davydov D trial state. The equations of motion of the variational
parameters V¥, and A, are then derived by adopting the Dirac—
Frenkel variational principle

i) o,
dt dwi‘n awl"n -

d (8L, oL,
()~ e
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For the multi-D, Ansaiz, and the Lagrangian L, is formulated as
i
Ly = (B'(8)] 5 ;- — AID'(2)
.
i g 9
- 5 orZ oo - ol ot

~{Dy' ()| H|DY (1)) 9)

where the first term yields
i E ki
[tz oo - el oo
o ,
=2 Z E (ViaWin — ¥ u¥in) Sji
Wfoom

. M . i‘. A e i_"
* % ;jz%nf!iﬂsﬁ Z [_J*%_Ju

n g
gl o Apade ' .

- Mz—“"* + A hig — A.-qagq] (10)

and the second term takes the form
(Dy'(1)| A |3 (0))
= (D7'(t)] Fa [D'(t)) + (D2 (1)] Fu [DY(t))

+ (D2'(#)] Fa—pn [D'(1)) (11)

with S being the Debye—Waller factor
5 1
Sij = exp {Z Aghig — 3 (|kia *+ |24 [1)] (12)
q

Detailed derivations of the equations of motion for the varia-
tional parameters are given in the Supporting Information, In the
numerical calculations, the fourth-order Runge-Kutta method is
used to integrate the equations of motion.

It is noted that our multi-D; Ansatz is essentially improved on
the Ansatz in the multi-configurational Ehrenfest (MCE) method
independently proposed by Shalashilin et al.™*7¢! The formula-
tion notations may be different. In the language of the MCE ap-
proach, 4;, is called coherent state Z;q, and the multiplicity M
refers to the number of Ehrenfest configurations or simply the
Ehrenfest basis set size. The two metheds differ in equations of
motion. The MCE approach relies on the predetermined equa-
tions of motion of the coherent state, which are chosen to be the
Ehrenfest equations. In contrast, our variational method with the
multi-D, Ansatz uses fully the Dirac-Frenkel variational princi-
ple and its equations of motion are more computationally expen-
sive and accurate. Validity of our approach has been extensively
tested in the previous work, and calculations are performed with

© 2018 WILEY-VCH Verlag GmbH & Co. KGah, Weinheim
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a sufficiently large multiplicity M in this work, For details of the
accuracy test, please refer to ref. [13].

Time evolution of the carrier probability Pal(t, 1) is caleula-
ted as
P.(t, n) = (DY ()| ala.| D3 (#) (13)

We further study the current of the system under an external
field

jt = (Dl (Ze"“‘“alam - H.c.) | D (1)
M * 3
=i 3 v [ inn () —e Ay (0] S (14)
l,j "

We also define a mean value c(t) and a standard deviation o (t) of
the centroid position of the carrier wave packet as follows

N
c(t) = ) nPalt. 1)

N

at)f} = Z (n— c(t‘])l Pa(t, 1)

(15)

It is noted that the mean value c(t) is sensitive to
the initial standard deviation @ of the carrier wave
packet.

3. Numerical Results and Discussions

In the absence of the carrier-phonon coupling, if the field Fyc +
E,. cos(wsct + hac) 1S applied to the carrier, the inherent localiza-
tion of the BOs and SBOs is circumvented under some suitable
conditions of AC frequency ;. and phase @sc. Dignam et al. ex-
amined the conditions for dynamic localization of electrons in
a periodic potential due to an applied AC electric field. Haller
etal. investigated particle transportin a lattice potential subjected
to harmonic driving and reported that details of the motion de-
pend on the ratio between the AC frequency w,c and the Bloch
frequency wy ¥ If the AC field is absent (F;. = 0), the BOs oc-
cur at the Bloch frequency ws = Fac. where wp = 2/ Tp with Ty
denoting the time period of the BOs. When the AC frequency is
detuned from the Bloch frequency, the SBOs arise. A small de-
tuning @, — ws resultsina beat between the Bloch cycle and the
harmonic driving, with a drastic change of the particle motion.
On top of the BOs, the SBOs motion has a much larger ampli-
tude of oscillation in position space that extends over hundreds
of lattice sites. Those SBOs directly correspond to the motion of
normal BOs, just rescaled in the spatial and temporal dimension.
In other words, the SBOs are observed when w,, satisfies the con-
dition

Ninttwne = w(1 +8) = Fae(1+8) (16)

Ann. Phys. (Berlin) 2018, 531, 1800303

1800303 (4 of 11)

www.ann-phys.org

for some nonvanishing integer Nin, where |§| < 1 is a small
dimensionless detuning parameter controlling the period of
the SBOs. Ni, =1 was most commonly used in theoretical
and experimental studies”’**#! and is thus adopted in this
work as well. The time period of the SBOs is given by Tss =
2/ (Swy) = 27 /(8 Fac). When the detuning parameter § van-
ishes, Tyy diverges.

3.1. Detuned and Resonant Cases

Experimental realizations of SBOs are recently given by a tun-
able BEC in modulated standing light waves or semiconductor
superlattices in far-infrared laser fields.*” Using BECs in optical
lattice potentials generated by interfering laser waves, the BOs
and SBOs can be engineered by a force that is provided by grav-
ity or by acceleration of the lattice pote ntial. Haller et al. observed
the SBOs for a BEC subjected to harmonic driving, by chang-
ing the lattice tilt as an external force as well as lattice depth
and spacing.*" Alberti et al. managed to control the quantum
transport of cold Sr atoms that are trapped in an optical lattice
aligned along the Earth'’s gravity field ! The carrier motion will
inevitably be influenced by the environ mental fluctuation on the
optical lattice potential or the lattice vibration in the semicon-
ductor superlattice.*'%77! The influence of surroundings on the
carrier can be modeled as phonons,!'l and thus the key issue of
this work is the effects of carrier-phonon coupling. As shown
in Hamiltonian (1), carrier—phonon interactions included in the
Holstein model are in the form of the diagonal coupling as a
nontrivial dependence of the carrier site energies on the lattice
coordinates.”®

We will study the influence of carrier-phonon coupling in two
typical categories: resonant (4 = 0) type and detuned (8 # 0) type
of carrier motion. These two types have been reported previously
in the observation of the SBOs of a BEC under superposed DC
and AC forces.*¥ After experimental investigation in 1D optical
lattice, the two types of movement have also been analyzed nu-
merically using a semiclassical approach.*” Generally, for a sim-
ple resonant AC field with frequency wae = s, the wave function
of the carrier performs a directed motion with oscillatory features
and drift velocity depending on the phase gh. On the contrary, if
the frequency of the AC field w,c is detuned with respect to wg,
the wave packet exhibits a beating effect of the SBOs. These two
scenarios were referred to as resonant and detuned types. In this
work, we will focus on certain sets of parameters as representa-
tive values of these two situations under the influence of carrier—
phonon coupling.

Being strongly dependent on the initial conditions, the mo-
tion of the carrier wave packet subject to the DC and AC electric
feld has been found to exhibit a breathing mode or the typical
BOs/SBOs,"***" thus here we discuss the initial conditions be-
fore moving on to specific calculations. Effects of initial Gaussian
wave packets have been investigated by Caetano et al. under the
superposed DC and AC field.***"] The outcomes of initial Gaus-
sian wave packets of different widths o are speculated first.1*4
For a very narrow initial Gaussian wave packet, the carrier is al-
most created on only one site and there are no typical oscillations
for the centroid of the carrier wave packet, which is denoted by
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Figure 1. Time evolution of the carrier probability Pa(t. ) for detuned cases (§ # 0) with the two-site-centered initial condition. In the left panels,
8 =1/9and Fyc = 0.45. In the right panels,d = —1/11and ;. = 0.55. The carrier-phonon coupling strength is g = 0 in the upper panels, and g=05
in the lower panels. Other parameters are M = 16, N = 16, | =0.1, Foc = 1.0, wae = 0.5, and $sc = 0.

c(t). The application of a DC field leads to a symmetric breath-
ing mode with unchanged ¢(t) and an oscillatory wave-packet
width

2
o(r}=\/a§+z[2-g— stn(%‘“)] (17)
dc

While the introduction of an AC field in the detuned cases leads
to a symmetric motion of fixed ¢(t) and a varying width

o(t) =g +2|xit)* (18)

with

X =2] i J,,(F“") ﬁexp (—I&%t) sm(i‘gi;) (19)

Wy
n=-0c L

where J), is the ordinary Bessel function of order n. For the reso-
nant case, the AC field results in a symmetrically spreading wave
packet with width

o)=Y ._7,.(%—) V2t (20)

Wag

As the initial width of the Gaussian wave packet increases, the os-
cillation amplitude of ¢(t) converges to those of the semiclassical
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cases, in which the motion of wave packet centroid agrees with
the movement of particles.***| Using a broad initial Gaussian
wave packet, the carrier movement exhibits the typical SBOs in
the detuned scenario and a linear movement with superimposed
small-amplitude oscillation in the resonant case, also defined as
the directed motion of the carrier.[**5

When a two-site-centered initial state is adopted, the carrier is
created on two nearest neighboring sites, W, (t = 0} = (8, n2 +
By ny241)/ /2199 Using this initial condition, the carrier exhibits
partial BOs in the presence of only the DC field, conveying the
quantum feature of the carrier wave packet explicitly.*! However,
the influence of the AC field on the movement of the carrier wave
packet using this initial condition has not been investigated. In
this study, the two-site-centered state is used as the initial condi-
tion, and the phonon displacement 44 (t = 0) = 0 is set.

First, let us analyze how the polaron wave function evolves as
the field is applied. The time-domain evolution of the carrier wave
packet is shown in Figure 1 for the detuned cases. We fix | = 0.1,
Fie = 1.0, wye = 0.5, and ¢, = 0, and vary the set of § and Fj..
Figure lais for § = 1/9 and Fy = 0.45, and the corresponding
wave packet moves to the left-hand side. In comparison, the car-
rier wave packet shifts to the right-hand side with § = —1/11 and
Fg = 0.55, as shown in Figure 1b. Both detuned cases show that
the carrier performs the SBOs, The oscillation amplitudes for the
two-site-centered condition are smaller than those for the broad
initial Gaussian wave packet, since the latter yields the largest
oscillation amplitudes among all types of initial conditions.!*l
It can be also revealed that the direction of the carrier wave
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Figure 2. Currents for detuned cases of Figure 1.

package centroid movement can be engineered by tuning &
and Fg..

As presented in Figure 1c,d, a coupling strength of g = 0.5
is used, It is shown that by increasing the strength of the
carrier-phonon coupling, the carrier states become more local-
ized. Holthaus et al. has reported that the dynamical localization
of the wave packet can be manipulated by varying the strength
of the electric field in disordered semiconductor supetlattices.”!
This conclusion has been well supported by several studies,?**
and is also in agreement with our simulation. Our findings im-
ply that changing the carrier—phonon coupling strength is an-
other promising way to engineer the dynamical localization of
the SBOs.

In view of the oscillatory behavior of the carrier wave packet
described in Figure 1 for the detuned cases, it is reasonable to
expect that the electric current behaves in a similar manner.
An observable of interest, the current is numerically calculated
according to Equation (14). As shown in Figure 2a,b, currents
j(t) display well-defined oscillatory behavior in the detuned
cases, Relevant movement directions and temporal periods of
the currents match perfectly those obtained from the carrier
wave packet. As presented in Figures 1a and 2a, 4 = 1/9 leads
to Tep = 9Tp. Ten = 11Tp in Figures 1b and 2b results from
§ = —1/11. The current of DC cases in the previous study shows
oscillations in a purely sine function form."¥ In comparison, the
currents in the simultaneous presence of AC and DC fields have
two features: low-frequency oscillations marked by dash-dotted
line due to the AC field, and high-frequency oscillations induced
by the DC field. Figure 2¢.d shows the decay of amplitudes of
current oscillations due to dissipation effects of the carrier—
phonon coupling, in agreement with quenching of the BOs due
to strong carrier-phonon coupling.'7-2 It can be found that
both the high-frequency and low-frequency oscillations of the
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current are damped, in accord with the breakdown of the SBOs
patterns of the carrier wave packet.

We procecd to the resonant case of § =0 in this subsection.
I the broad initial Gaussian wave packet is applied, the center-
of-mass of the wave packet moves almost linearly with superim-
posed high-frequency and small-amplitude oscillations while its
shape is essentially unchanged, that is to say, resonant modu-
lation of the detuning parameter causes directed motion of the
wave packet's ce nter-of-mass.*” When the carrier is created at
two nearest neighboring sites, there is no directed motion ob-
served. Instead, the carrier wave packet spreads over the ring at
a certain velocity with small-amplitude and high-frequency oscil-
lations, as presented in Figure 3a,b, leading to negligible wave
packet centroid movement from the initial positions. This move-
ment can be denoted as bifurcated motion. After the carrier—
phonon coupling of g = 0.5 is added, the wave packets become
localized and their averaged center substantially shifts away from
the original position during the evolution, as shown in Fig-
ure 3¢,d. Because the external DC fields have opposite directions
in the left (£ = 0.5) and right (Fs = —0.5) panels, the wave
packet in Figure 3cis found to shift to the left-hand side while that
in Figure 3d moves to the right-hand side. As shown in Figure 4,
the currents exhibit corresponding oscillation features. In upper
panels of Figures 3 and 4, only values of Ty are listed because the
Typ approaches infinity. In the lower panels, dissipation features
are again observed after the addition of carrier-phonon interac-
tions. Dominguez et al. have considered the Peyrard-Bishop-
Holstein model of charge transport in DNA to study the SBOs
of the charge carrier semiclassically, and the current oscillation
in resonant cases was found to be modulated without decay in
time.? In contrast, the periodicity is broken and the amplitude
of the oscillatory current is smaller in our fully quantum mechan-
ical results.
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Figure 3. Time evolution of the carrier probability Pe; (1. n) for resonant cases (§ = 0) with the two-site-centered initial condition. In the left panels,
Fgec = 0.5. In the right panels, Fy. = —0.5, denoting that «lectric field is in an opposite direction of that in the left panels. The carrier-phonon coupling
strengthis g = Ointhe upper panels, and g = 0.5 in the lower panels. Other parameters are M = 16, N = 16,] =0.1, Fac = 1.0, @y = 0.5, and ¢hae = 0.
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Figure 4, Currents for detuned cases of Figure 3.

3.2. AC Phase Modulation
Recent observations of cold atoms in optical lattices include

global motion of the atom cloud, pointing to the importance
of AC phase correction,/””! By appropriate modulation of the
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phase, the carrier transport can be precisely engineered. Fig-
ure 5 presents a quantitative study of the AC phase and time-
dependent amplitudes of such SBOs. Figure 5a,b show the time
evolution of the carrier wave packet for ¢, of 0, 7/4, 37/8, and
/2. In Figure Se, we plot the time evolution of the wave packet
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Figure 5. Time evolution of the carrier probability Pea(t. n) for various phases a)gac = 0, b)iac = 7/4, CPac = 37 /8, and d)pac = /2, in the absence
of carrier-phonon coupling (g = 0). €) Mean values c(t) of the carrier wave packets. The two-site-centered initial condition is used. Other parameters

are M =1, N =16,] =0.1, Fge = 0.45, Fac = 1.0, wsc = 0.5, and & = 1/9.

centroid for these AC phases. It can be found that the motion cor-
responding to each phase is shifted with an unchanged temporal
period.

Effects of the carrier—phonon coupling for ¢,c = m/2 are pre-
sented in Figures 6 and 7. Figure 6 shows the SBO features
in two detuned cases of § =1/9 and —1/11. It is worth not-
ing that phase manipulations can lead to similar carrier motion
patterns for different parameter sets, as shown in Figure 6ab.
This similarity is destroyed after adding the carrier—phonon cou-
pling, as shown in Figure 6c.d. Since the DC field strength in
Figure 6d is larger than that in Figure 6c, the carrier wave packet
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in Figure 6c becomes more localized than its counterpart in
Figure 6d.

Figure 7 is for the resonant cases of 4 = 0. Figure 7a charac-
terizes the time evolution of the carrier wave packet between the
bifurcated motion and the directed motion. As the phase ¢, in-
creases from 0 to 7/2, the bifurcated motion of the carrier wave
packet morphs toward the directed motion, but cannot turn into
complete directed motion due to the two-site-centered initial con-
dition. Figure 7b shows the directed motion of the polaron as
well as superimposed BOs, if a Gaussian wave packetofag = 2.0
is used initially. The center-of-mass of the carrier wave packet

& 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



ADVANCED
SCIENCE NEWS

s physik

www.advancedsciencenews.com

(a) & =1/9>0, Fy =0.45
e

moves with a certain speed to the left-hand side and with its wave
packet shape kept. It can be found that the velocity of the carrier
in Figure 7b agrees with that of the main branch in Figure 7a.
The group velocity of the carrier is

vg = —J cos (k+ -Ef— COS hye — e + aw:) I ( Fue ) (21)

a Wy

where k is the carrier momentum and 7, is the Bessel func-
tion of order n = 1.7 Due to 4 = 0 in the resonant cases, the
group velocity becomes a time-independent constant value of
J cos(k + Tff: COS Py — gb,,,,];?l{%}, leading to the directed mo-
tion of the carrier. By the addition of the carrier—phonon coupling
in the resonant cases with a nonzero AC phase, the wave packet is
broadened during the evolution and the carrier motion becomes
slower than the movement of the bare carrier. Haller et al. has
reported that by varying the AC phases and detuning parame-
ters, the shape of the wave packet can be greatly changed *¥ Their
conclusion agrees with our findings in the absence of the carrier-
coupling in this section. In addition, our study shows that the
application of carrier—-phonon coupling allows for adjustment of
the shape of the wave packet and the oscillation amplitude.

4. Conclusion

In our previous work,!"* we studied the intriguing role played by
the carrier—phonon coupling in the dynamics of a Holstein po-
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Figure 6. Time evolution of the carrier probability P (1. 1) for detuned cases with the nonzero phase ¢ue = m /2. In the left panels, § = 1/9 and Fge =

0.45. In the right panels, 8 = —1/11and Fg. = 0.55. The carrier—phonion coupling strengthis g = 0in the upper panels, and g = 0.5 in the lower panels.
The two-site-centered initial condition is used. Other parameters are M = 16, N = 16, ) = 0.1, Fze = 1.0, and wae = 0.5.

laron under the influence of a DC external field. In this work,
we extend our formulism to investigate the influence of an AC
external field. Following the Dirac—Frenkel time-dependent vari-
ational principle, the polaron dynamics under the AC field is
probed by employing the multi-D; Ansatz. It is revealed that the
direction of carrier wave package centroid movement can be en-
gineered by tuning § and Fy under the two-site-centered ini-
tial condition. The carrier transport can also be modulated by
varying the AC phase ¢... If ¢,c =0, SBOs appear in the de-
tuned case of § # 0, while bifurcated motion of the wave packet
is found in the resonant case of § = 0. After adding the carrier—
phonon coupling, the carrier states become localized in the de-
tuned scenarios, leading to clear suppression of the carrier wave
packet motion. For the resonant cases, the carrier-phonon cou-
pling breaks the bifurcated motion of the carrier wave packet, and
shifts the carrier away from the original positions. If ¢, = /2,
the carrier—-phonon coupling destroys the modulated patterns of
the SBOs in the detuned case. Using a broad Gaussian wave
packet as the initial state, the centroid of carrier wave packet
moves with a certain velocity and with its shape unchanged in the
resonant cases. Adding the carrier-phonon coupling broadens
the carrier wave packet and slows down the carrier movement,
A detailed understanding of the transport mechanism of multi-
ple carriers under an external field is of great interest and awaits
future investigations. In addition, the coherent superpositions of
BOs and Zener tunneling between minibands of a binary lattice,
also known as Bloch-Zener oscillations,®*!! have been experi-
mentally demonstrated for light waves in curved femtosecond
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Figure 7. Time evolution of the carrier probability Pe (. n) for resonant cases (8 = 0) with the nonzero phase pac = /2. Left panels with the two-site-
centered initial condition, and right panels with the Gaussian initial condition of g = 2. The carrier—phonon coupling strength is g = 0/in the upper
panels, and g = 0.5 in the lower panels. Other parameters are M=16N=16,] =0.1, Fae = 1.0, and e = 0.5,

laser-written waveguide arrays.*? Work on simulating Bloch—
Zener dynamics is in progress.
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A nonperturbative treatment, the Dirac-Frenkel time-dependent variation is employed to examine dynamics of
the Landau-Zener model with both diagonal and off-diagonal qubit-bath coupling using the multiple Davydov
trial states. It is shown that steady-state transition probabilities agree with analytical predictions at long times.
Landau-Zener dynamics at intermediute times is little affected by diagonal coupling, and is found to be determined
by off-diagonal coupling and tunneling beiween two diabatic states. We investigate effects of bath spectral
densities, coupling strengths, and interaction angles on Laudau-Zener dynamics. Thanks to the multiple Davydov
trial states, detailed boson dynamics can also be analyzed in Landau-Zener transitions. The results presented here
may help provide guiding principles o manipulate the Laudau-Zener transitions in circuit QED architectures by

tuning off-diagonal coupling and tunneling strength.

DOI: 10.1103/PhysRevA.97.013803

L INTRODUCTION

The Landau-Zener (LZ) transition comes into play when the
energy difference between two diabatic states is swept through
an avoided level crossing. Its final transition probability was

calculated by Landau and Zener in 1932 [1.2]. As one of

the most fundamental phenomena in quantum dynamics, the
LZ transition plays an important role in a varicty ol fields,
including atomic and molecular physics [3-3], quantum optics
[6], solid-state physics [7], chemical physics [8], and quantum
information science [9]. The list of physical systems dominated
by the LZ transition grows and interest in the LZ transition
has been renewed recently due to its various new applications
[10,11], such as a nitrogen-vacancy center spin in isotopically
purified diamond [12], a microwave-driven superconducting
qubit coupled to a two-level system, [13] and a spin-orbit-
coupled Bose-Einstein condensate [ 14].

In particular, advances in circuit quantum electrodynamics
(QED) devices make them promising candidates [or explo-
ration of the LZ transitions due to their potential scalability
and tunable parameters over a broad range [15-17]. Circuit
QED is the realization of cavity QED in superconducting
quantum circuits. A superconducting flux qubit coupled to
a quantum interference device [18] has been [abricated by
Chiorescu er al., and a charge qubit coupled to a transmission
line resonator by Wallrafl et al, [19]. These developments have
paved the way to study the LZ transitions because the energy
difference between the two diabatic states has been allowed to
be tuned by external fields [20]. Recent measurements of the
LZ transitions have been reported on an individual [Tux qubit
within a multiqubit superconducting chip, in which qubits are
set up in the compound Josephson-junction radio-frequency
superconducting quantum interference device (SQUID) [21].

In any physical realization, a quantum two-state system will
be affected by its environment, which may aller the effective
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interaction between the two energy levels of the system. For a
realistic study of a qubit manipulation via the LZ transitions,
the influence of its environment is an important issue because
a qubit is never completely isolated. The effects of dissipation
have been studied in 1989 by Ao ef al., using time-dependent
perturbation theory, yielding only the LZ transition probabil-
ities at long times in the fast and slow sweeping limit [22].
Hiinggi and co-workers have studied the LZ transitions and
dynamics in a qubit coupled to a bath at zero temperature [23].
Temperature effects on the LZ transitions have been explored in
a dissipative environment using the quasiadiabatic propagator
path-integral method and the nonequilibrium Bloch equations,
by which dependence of the transition probability on sweeping
velocities is obtained at long times [24-27]. Nalbach et al.
have further studied the influence of a thermal environment
on a harmonically driven quantum two-state system through
avoided crossings and proposed a novel rocking ratchet based
on electronic double quantum dots [28]. So far most attention
has been paid to the transition probabilities in the steady states,
where the energy difference of the two diabatic states is much
larger than the bandwidth of the bosonic bath [29]. However,
understanding of LZ dynamics at intermediate times is needed.
This is a time range in which the transitions have not fully taken
place and the energy difference of the two diabatic states is still
within the bath’s bandwidth [30]. Specifically, the dependence
of LZ dynamics on the bath frequency and the types of bath
spectral densities is still not well-understood.

Recently, high-quality fabrication techniques and physi-
cally large shunt capacitors have been developed to reduce
densities and electric participation of defects at various metal
and substrate interfaces, leading to rapid progress in the
performance and manipulation of the flux qubit and its en-
vironment [31]. An ohmic-type spectral density can be used
to describe the gubit-bath coupling in various devices such
as a superconducting circuit consisting of a transmon qubit
suspended on top of a microwave guide [32], a superconducting
qubit interacting with an array of coupled transmission line
resonators [33], and a fabricated circuit QED architecture that

©2018 American Physical Society
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contains a capacitively shunted flux qubit coupled capacitively
toa planar transmission line resonator [34). Egger ef al. showed
that a sub-ohmic-type spectral density can characterize the
qubit-bath coupling in a multimode circuit QED setup with
hybrid metamaterial transmission lines [35]. Super-ohmic-type
spectral densities have been applied to characterize the flux
noise on multiple flux qubits, especially when scaling up to
large numbers of qubits, as was stated by Storcz er al. [36,37].
Nalbach et al. have uncovered that super-ohmic fluctuations
are the main relaxation channel for a detuned double quantum
dot which is driven by external voltage pulses [38]. When a
superconducting persistent-current qubit is exposed (o an un-
derdamped SQUID environment, Lorentzian spectral densities
have usually been found [39,40].

The dynamics of the LZ transitions at the intermediate
times is influenced by the dissipative environment. Roles of the
environment include fluctuations of energies of diabatic states,
denoted by diagonal coupling, and environment-induced tran-
sitions between diabatic states, expressed by off-diagonal
coupling. In the presence of only diagonal coupling, the
dynamics of the LZ transitions have been studied by Ortheral.,
using a stochastic Schrédinger equation [30,41 ]. Off-diagonal
coupling has been demonstrated to exist in a number of ex-
periments, such as in a superconducting charge qubit coupled
to an on-chip microwave resonator in the strong-coupling
regime [19], in a three-dimensional circuit QED architecture
[31], a circuit QED device with seven qubits [42]. and in a
circuit QED implementation with a time-dependent transverse
magnetic field [43]. However, the effects of off-diagonal
coupling on LZ dynamics have not been well investigated.
Recently, the multiple Davydov D; ansatz has been devel oped
to accurately treat the dynamics of the generalized Holstein
model with simultaneous diagonal and off-diagonal coupling
[44,45]. Influences of off-diagonal coupling have also been
probed in the intramolecular singlet fission model using our
variational approach [46].

In this work, we investigate the impacts of diagonal and
off-diagonal qubit-bath coupling on the standard LZ model
using the multi-D; ansatz with the Dirac-Frenkel variational
principle. The converged results by the employed method agree
with those from other methods. In addition, calculated proba-
bilities in the steady states concur with anal ytical predictions at
zero lemperature, further justifying the validity of our method.

The remainder of the paper is structured as follows. In
Sec. II, we present the Hamiltonian and our trial wave fi unction,
the multi-D; ansatz. In Sec. 11 A, a qubit coupled to a circuit
oscillator is studied. In Sec. I1I B, the influence of bath spectral
densities on the LZ transitions is investigated. Finally, the
effects of coupling strengths and interaction angles on LZ
dynamics are examined in Sec. IT11.C, Conclusions are drawn
in Sec. IV.

II. METHODOLOGY

A. Model

The total Hamiltonian of a driven two-level system inter-
acting with a bosonic bath is given by

B = A5+ Ag + Asp, (1

where the system Hamiltonian i 1 -
for an isolated two-level svsten

- v

Jrh_',_' = T”
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(b)  Contral

Magnetic > [line M1
flux &(t) Y
¥ b3 Resonator
Qubitt

Ll

i
% 3
RF SQUID T

FIG. 1. (a) Schematic diagram of u typical coplanar waveguide
resonator with a qubit placed between the center conductor and the
ground plane of the waveguide. (b) Sketch of the superconducting
qubit coupled to the coplanar transmission line resonator. M1 denotes
the mutual inductance between the qubit and resonator. The control
line supplies the time-dependent magnetic flux &r) threading the
qubit loop.

variational parameters for the amplitudes in states |1) and
[4), respectively, and fi,(t) are the bosonic displacements,
where i and ¢ label the ith coherent superposition state and
gth effective bath mode, respectively. If M = |, the multi-D;
ansatz is restored to the usual Davydov Ds trial state.

Equations ‘of motion of the variational parameters u; =
A;j,B; and f;, are then derived by adopting the Dirac-Frenkel
variational principle,

d (UL) aL 0 6
dr \ dus du )

For the multi-D; ansatz, the Lagrangian L1 is lormulated as

ih 9
{ [/ P

b =
" - »
= %[(DS‘(UIEIDQ‘(‘*J) ~ (DY )| 5 ,DQ’U))}
‘_(Dgf(t”g!Dgf(fJ)» (7

Details of the Lagrangian, equations of motion, and initial
conditions are given in Appendix A.

L. RESULTS AND DISCUSSION
A. A qubit coupled to u single muode

The LZ transitions can occur in a qubit that is coupled to
a circuit oscillator in a QED device [18,19]. Figure | displays
the schematic diagram of a superconducting qubit coupled
to a coplanar transmission line resonator. The control line
in Fig. 1(b) supplies the time-dependent magnetic flux ®(r)
threading a persistent current qubit loop, which contains three
junctions. After manipulations of the qubit, the state is detected
by a SQUID, which consists of a single Josephson junction in
a superconducting loop [50]. By tuning the external magnetic
flux ®(r) threading the qubit loop, the energy-level separation
can vary linearly with a level-crossing speed v. The resonator

can represent a harmonic oscillator and is coupled to the qubit.
Then this qubit-oscillator setup can simply be modeled by a
Hamiltonian,

A=20+ 20 +habb+ Lo +5),  ®
2 2 2

which can be obtained from the Hamiltonian (1) if the number
of modes is setto one (N = 1). When the first term in Eq. (8) is
replaced by a time-independent energy bias, the Hamiltonian
is reduced to be the Rabi model, a paradigmatic construct of a
two-level system coupled to a single bosonic mode derived
from an atom in an applied electric field. A conventional
rotating-wave approximation has often been adopted to treat
the Rabi model [51].

Transitions between two diabatic states can result from
direct tunneling or indirect off-diagonal coupling to the os-
cillator. The physical quantity of interest includes the proba-
bility that the qubit flipped from the initial state |1} to ||),
i.e, Pyoy(00)=1— Pp_4(00). Concerning the tunneling
between the two diabatic states, the final transition probability
through the avoided level-crossing point is given by the
familiar Landu-Zener formula P,z = 1 — exp (355 [1,2,52-
54]. With respect to the indirect off-diagonal coupling to
the single-bath mode, the transition probability is proposed
as Py y(00) = 1 —exp(32L) at zero temperature [15,20].
In this work, we have studied the combined effect of the
direct tunneling between the two diabatic states and indirect
olT-diagonal coupling to the single-bath mode. Niemczyk et al.
[17] using a recently developed circuit QED device showed the
breakdown of the widely used rotating-wave approximation
and the master-equation method due to the existence of strong
qubit-bath coupling [55].

Using the time-perturbation theory [23], we obtain

—m (A% + Vz)]

2h1] 9)
It has been shown that this formula can provide exact final
transition probabilities for the whole parameter regime at zero
temperature [15,20]. As shown in Fig. 2, P;_, | (c0) calculated

Prij{oc0)=1-— cxp[

() 1M (&) 1JM
0B 0.8
. 08 _ 08
f_.. [ fepit-sa=o f,_. S DN=3 5 =1
04t A DM =4 A = 0.5V T 04 o pM=3 4 = 0.5vHu
=5 <D=t A = 1.2vFw L ® apit= - =12V
65 —Eq(9).4=0 " ~Eq.(9).7 =10
—Eq.{4). A = 0.5vH] —Eq.(8).7 = 0.5vF2|
~Eq.{9). & = 1.2v7 —Eq.(9).7 = 1.2V
0 05 1 15 @ o 05 15 2

1/ Vh ml/ﬁ

FIG. 2. (u) Final transition probability P;_.,(c0) as a function
of the off-diagonal coupling strength y /+~/fiv with fixed tunneling
strengths A = 0, 0.5+/fiv, and 1.24/fv. (b) Ps_;(c0) as a function
of the wnneling strength A /+/Av for different off-diagonal coupling
strengths ¥ = 0, 0.5v/7iv, and 1.2+/fiv. The oscillator frequency w is
setto 10/0/h.

013803-3



ZHONGKAI HUANG AND YANG ZHAO

from the multi-D, ansatz with a sufficiently large multiplicity
M agree with the analytical predictions of Eq. (9) for various
off-diagonal coupling strengths y and tunneling strengths A.
This demonstrates the accuracy of our multi- D, ansalz and we
can numerically provide accurate final transition probabilities.

Here we further justify the validity of the variational
method by a comparison with the masier-equation method
that yields exact results in the weak-coupling regime. It is
known that the multi-D; ansatz, a superposition of coherent
states, can easily treat exciton dynamics in the strong-coupling
regime [44,45,49]. To reach an accurate description in the
weak-coupling cases, we have used a variety of multiplicities
M of the multi-D; ansatz in the corresponding dynamical
calculations. Figures 3(a)-3(c) display the time evolution of
the transition probability with oscillator frequencies of w =
0.1,/v/h, /u/R, and 10/v /R, respectively. The multiplicity
of the multi-D; ansatz needed for convergence, as expected,
decreases as the oscillator frequency increases if the coupling
strength y stays constant. The converged results in each
scenario concur with those extracted from Ref. [15] (black line
with stars) using the master-equation method, demonstrating
that the multi-D» ansatz can well describe the LZ dynamics
at intermediate times when the qubit is coupled to a harmonic
oscillator of a wide range of frequencies.

In order to gain insight into LZ dynamics at intermediate
times, we also perform convergence tests for oscillator frequen-
cies of w = 0.54/v/f and 20./v/k, and the results are shown

i T T
(a)
—— Master equation
06— M=1
- —e— =3
& 04f——M=5
——M=7
—i—M=8

w=01uv/h

0.2f

| —— Master equation
—r—M=1
-

& pa4r——M=2
—o— M=3

- —a— M=4

(c)

| ——Master equation
I —r—M=1
& p4r —+—M=2

—o—M=3

w=10/o/h |

-20 -10 0 10 20 30 40

t//hju

FIG. 3. Time evolution of the transition probability calculated
by the master-equation method and the multi-D, ansatz. Oscillator
frequencies used are (a) w = 0.1/v/A, (b) w = /u/f, and (¢) w =
104/v/R. Other parameters are A = 0 and ¥ = 1.2/fiv.
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FIG 4. LZdynamics with atunneling strencith A = 0.5+/Avand
an off-chagonal coupling swengih p = 1.2 lor two oscillator

frequencies (a) e = 0.5 v/ and (D) w = 200 0 /0.
Y F) {

in Figs. 4(a) and 4(b), respectively. I (L
and the presence (Fig. 4) of tunneling, it cun be found that
LZ dynamics at intermediate times sioncly depends on the
oscillator frequency . while the stvady -stile population in
[ L), Py(oc), is independent of w. In particular, the transition is
temporally shifted lrom ¢+ = 0 tor = /iw/v due to the indirect

absence (Fig. 3)

off-diagonal coupling |12 ]. Therelote, 1o time shift for the
case of w = 0.5/ v/t isminor compared (o the time scale that
is concerned, leading (o the LZ transition of only one stage in

Fig. <(a). In contrast, Py(r) under
transitions in Fig. 4(b). The first lran:
direct tunneling between the two levels 2 = 0.54/fiv, named
after the standard L7 transition, while (e sccond transition
stage results from the indirect off=dingonal coupling to the
single-oscillator mode with the frequency ol w = 204/v/R,
Next, we have investigated the dependence of LZ dynamics
on the direct tunneling between the (wo diabatic states and
indirect off-diagonal coupling o the sinvle-oscillator mode.
For this simulation, the oscillator requency of w = 103/u/k
has been used. As shown in Fig. 5(u), by cvenly changing the
tunneling strength, the first plateau between the two stages of
transitions can be tuncd nonlinearly [ron zcro to almost one,

wo stages in the LZ
tige 1s induced by

{1y
[B) & = vsvah

“'“V.E j

sy nfh

i
t/y/ e

FIG. 5. LZ dynamics (a) for seven tunneling strengths A = 0,
0.2vhv, 0.4/h, 0.6/fiv, 0.8 Vv, 1.0/Tu, and 2.0/ with fixed
y = .24/, and (b) for different off-dizgonal coupling strengths
y =0, 0.2vFv, 04T, 0.6/fv, 0.8 v, 1.0vfv, and 1.24/Fv
with certain A = 0.5V, The oscillator lrequency @ is set to
10/v/h.
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and the height of the sccond plateau varies from .89 1o 1.
As presented in Fig. 5(b), the first plateau is kept around 0.32
and the second plateau increases toward 1 as the oll-diagonal
coupling strength increases. Resulis in this section offer the
possibility to manipulate the quantum states of the qubit that
is coupled to only one circuit oscillator in the circuit QED.

B. Effect of the bath spectral density

Recent developments in circuit QED setups have shown that
qubits can couple to a bath of quantum harmonic oscillators
[32-34]. The qubit-bath coupling can be characterized by
spectral densities of the ohmic type in a superconducting
circuit consisting of a transmon qubit suspended on top of a
microwave guide [34]. Many theorctical efforts have also been
devoted to study LZ transitions at long times in a dissipative
environment using ohmic fluctuations [56). Spectrum densities
of the sub-ohmic and the super-chmic type can be realized
in a multimode circuit QED setup with hybrid metamaterial
transmission lines [35] and in certain circuit QED setups with
multiple flux qubits [36], respectively. Thus. the effects of
spectral densities and coupling strengths on 1.7 dynamics of
these systems need to be addressed,

In this section, we have studicd LZ dynamics using the
spectral density of Eq. (4). We have assumed that all bath oscil-
lators couple to the qubit with identical coupling anglesd, = 6.
We have calculated the Huang-Rhys factor § = 2 o Fy =
f; fﬂm dwl(w) = %aw".“f"[s + 1) and the total reorganiza-
tion energy Eo = gL [~ dw® = L auT(s), where I'(x) is
the Euler gamma function. Thus the final transition probability
at zero temperature (23] can be given as

P11 (00)

2 2
—7[|A = $Eosin(20)|" + Ssin® 6]
2hu

=1—exp (10)

When the first term in Eq. (2) is replaced by the time-
independent term of 5o,, the Hamiltonian (1} hecomes a
spin-boson Hamiltonian. When the system-bath coupling in-
creases, a delocalization-localizalion transition can be found
within the framework of the spin-boson model [57]. For LZ
problems, however, the system always reaches a Steady state
with a certain final transition probubility because the energy
difference between the two diabatic states will be so large that
transitions between the two states ure unlikely at long times.

As shown in Fig. 6, we compare the LZ dynamics of the
sub-ohmic, ohmic, and super-ohmic bath with the same cou-
pling strength & = 0.002. We have caleulated the converged
results of LZ dynamics for a qubit coupled 1o baths using the
variational method. Spectral densitics of the sub-ohmic bath
are computed using logarithmic discretization. For an ohmic
and super-ohmic bath, we have uscd linear discretization [57)].
The cutoff frequency is given by w, = 10/v/h. The roughness
of the curves can be significantly reduced by using a large
number of frequency modes (N = 80 or greater). Details of
the convergence tests are presented in Appendix B,

In Figs. 6(a) and 6(b). we have presented the 1.7 dynamics
for the sub-ohmic bath (s = 0.5) 1nd the ohmic bath (s = 1),
respectively. Figures 6(c) and 6(c) depict the time evolution

°8@ §=0.5 ®

40 60

t/vhjv

FIG. 6. Time evolution of the transition probability for (a) a
sub-ohmic bath of ¥ = 0.5, (b) an ohmic bath of s = 1, and a
super-ohmic bath of (¢) ¥ = 1.5 and (d) 5 = 2 is obtained from the
D#'=* ansatz with an identical coupling strength @ = 0,002, For each
of the four s values, four cases are shown: A = 0.4v/fv.8 = /2
(red line, circles), A = 0.4v/Av,6 =0 (magenta line, diamonds),
A =0, =m/2 (black line, squares), and A = 0,6 = ( (blue line,
pentagrams).

of transition probabilities using the super-ohmic bath with s =
1.5 and 2, respectively. When 6 = 0, there exists only one
stage in the LZ transition near t = 0 for nonzero tunneling
strengths. That is, in the presence of only diagonal coupling,
the LZ dynamics of A = 0.4+/hv (magenta lines, diamonds)
are almost identical in the four subplots, irrespective of the
spectral densities. Further calculations with finite tunneling
strengths have shown that there exists a one-stage LZ transition
in general in the presence of diagonal coupling only.

When 6 = /2, the time evolution of the transition prob-
ability for A = 0 has a single stage of slow growth until it
reaches its steady state. The converged probabilities and the
convergence times are dependent on the spectral densities. This
occurs because the LZ dynamics is strongly dependent on the
oscillator frequency w for a qubit off-diagonally coupled to
a single harmonic oscillator, as has been shown in Sec. III A,
Figure 6 also depicts that the convergence time for a large s
is significantly longer than that for a smaller s, since spectral
densities of a large s involve a prominent contribution from
high-frequency oscillators, and the convergence time in the
single harmonic oscillator scenario is proportional to the
oscillator frequency w. When A = 0.4+/fv, there are two
stages in the LZ transitions in the presence of off-diagonal
coupling. In the first stage, the transition probability jumps up
at 1 = 0. In the second stage, it gradually reaches the steady
slate at the same convergence time as that of A = 0. Further
calculations have shown that there exist the two-stage LZ
transitions in general for all nonzero tunneling strengths in the
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MA=0s=2

300 1020304050 680 70 20 0 10 20 30 40 50 60 70
t// i tfhfe

0 0.05 0 0.05

FIG. 7. Time evolution of the boson number used for a super-
ohmic bath of (a) s = 1.5 and (b) s =2, in the presence of off-
diagonal coupling only (# = 7 /2). Other parameters are A = 0 and
o = 0.002,

presence of off-diagonal coupling. In addition, as expected,
the converged transition probabilities obtained from our dy-
namics calculations agree with the corresponding steady-state
transition probabilities from Eq. (10).

To investigate the role of bosons in the LZ transitions, we
have calculated the time evolution of the boson number (b5, ),
which is shown in Fig. 7. The initial boson number is set to
be zero in our calculations. The bosons will be created after
the transition takes place. If the qubit is only off-diagonally
coupled to a single harmonic oscillator, the LZ transition will
be temporally shifted from ¢ = 0 to r = fiw/v, independent
of the coupling strength [15]. If the qubit is off-diagonally
coupled to multiple harmonic oscillators, the transition will
then occur mainly after # = 0 as there is a temporal shift of
each frequency mode, as shown in Fig. 7. Because the energy
difference between the diabatic states varics linearly with time,
the frequencies of the bosons created via qubit-bath coupling
also have the same time dependence, resulting in the left edge
of the triangle starting from ¢t = 0 in the @ — ¢ plots. It can be
found that very few bosons will be created fort < 0, regardless
of s and coupling strengths. When a larger value of s is used,
more high-frequency bosons are created and this results in a
larger steady-state probability for identical coupling strength.
Also the time taken to create high-frequency mode bosons
increases, which can be seen in the comparison of Figs. 7(b)
and 7(a). This is expected from the convergence time taken to
reach the steady states in Figs. 6(d) and 6(c).

If the energies corresponding to frequencies of the bath
modes w are high in comparison with the thermal energy kT,
the oscillators are thermally inactive, and thus the LZ dynamics
driven by the bath modes is temperature independent in a wide
temperature range [18,19]. Therefore, the temperature can be
set to be T = 0 to reduce the numerical cost, although the
inclusion of the temperature effect in the multiple Davydov
ansatz is straightforward by applying Monte Carlo importance
sampling [58].

C. Effects of coupling strength and interaction angle

Even though effects of various spectral densities have been
discussed in Sec. III B, we will focus on the ohmic type in
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(1) & = 04vTu

R

0 60 10 20 30 40 50 60

10 0

-10 0 10 20 30 40 5

1R 7 ;,.:"ﬁi"n
— —— ] e
0 1 0 1
FIG. 8 Time evolution ol transition probability for (a) A = 0 and
. 4 . N .
(b) A = 0.4 fe using an ohmic bath with various coupling strengths
e, in the presence of ofl -dinzonal coupling only (0 = 7 /2).
this section because ol the recent progress in nanotechnology

[59-62] which allows for feasible control of how ohmic en-
vironmenls are coupled Lo the superconducting qubit [63,64].
Figures 8(a) and 8(bj present the time evolution of the transition
probability as a function of coupling strength e for two values
of tunneling strength, A = 0 and 0.4/Tiv, respectively. In this
section, we have considerad the ease for oll-diagonal coupling
(6 = 7 /2) only. Calculaled steady-state probabilities agree
with Eq. (10), which predicts increases of the probabilities

fur, e = 0.002

ful A = Nra="02

) & =0

o 5 e o it
~10 0 10 20 30 40 50 60  -10 0 10 20 30 40 50 60
it \;‘Jflfl' Liy/ f:;"u
0 o A=0o=000 01 0 (d) A = 0V T, o = 0.0060-1

5

1 SR 4 |

—qO 0 10 20 30 .40 50 60 —0‘10 0 10 20 30 40 50 60
t/\/hju Ve
0 0.1 0 01

FI1G. 9. Time evolution of the boson number using an ohmic bath,
in the presence of off-diagonal coupling only (f = m/2). The left
column corresponds to A = (), while the right column is for A =
0.4+/Tin. The upper and lower panels correspond to coupling strength
of @ = 0.002 and & = 0.006. respectively.
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(a) A=1 I

6/(1/16m)

a1/ 167

0 —
S0 0102034506 00 10 20 30 40 50 60

e 1T
0 1 )

0 - 1

FIG. 10. Time evolution of transition probability for (a) A =0

and (b) A = 0.4+/fiv using an ohmic bath with various interaction
angles #. The coupling strength @ = (LOOY is set,

with the coupling strength. While the coupling strengths for
the left and right panels in Fig, 8 are the same. the steady-state
probabilities of Fig. 8(b) are larger than those ol Fig. 8(a)
because the nonzero tunneling strength A = 0.4+/iv givesrise
to one more transition stage at¢ = O compared to thatol & = 0.

The interplay between the circuil qubit and the bosons is
characterized by bason dynamics as 1 [unction of w, as is shown
inFig. 9. The boson numberisinitialized to zero. The upper and
lower panels correspond to coupling strengths of ¢ = 0.002
and @ = 0.006, respectively. It was found that boson number
becomes larger with stronger off-diagonal coupling. We then
make a comparison between the left and right panels. in which
the left column corresponds to the zero tunneling strength
scenarios (A = 0) and the right column is for A = 0.4+/hv.
If the off-diagonal coupling strength is the same, more bosons
are created for weaker tunneling scenarios, though we have
larger steady-state transition probabilities for larger tunneling
strength cases.

Figures 10(a) and 10(b) present the time evolution of the
transition probability as a function of the nteraction angle
8 for A =0and A = 0.4V, respectively, The interaction
angle @ of interest ranges from 0 to 7/2. We have only
considered coupling strength of & = 0.008 in this section.

(MA=0D8=a/ M A=d=7

v/h

s
S
<2 £
3 e
—qﬂ 0 10 20 30 40 50 60 10 20 _.}E} 40 50 B0
”.v,rm WEVE
0 01 (§ 041

FIG. 11. Time evolution of the boson number using an ohmic bath
for interaction angles of (a) # = /4 and (b) # = 7 /2. The wnneling
strength A = 0 and coupling strength ¢ = (.00% are set

In the absence and the presence of tunneling, the transition
probabilities undergo the LZ transitions of one stage and
two stages, respectively. The transition probabilities Py (z) for
t > 0 increase with the interaction angle & since a larger
interaction angle (0 < 6 < m/2) corresponds to stronger off-
diagonal coupling. The steady-state probabilities also increase
with interaction angles, as expected from Eq. (10). Figure 11
displays the time evolution of the boson number for two
interaction angles: (a) f = /4 and (b) 6 = /2. We found
that larger interaction angles (0 < & < m/2) lead to more
bosons being created during the transition stage, via stronger
off-diagonal coupling.

IV. CONCLUSION

In this work, we have studied the intriguing role played
by the dissipative environment in LZ dynamics. Following
the Dirac-Frenkel time-dependent variational principle, the
dynamics of the LZ model with diagonal and off-diagonal
qubit-bath coupling is probed by employing the multi-D;
ansatz, also known as a linear combination of the usual
Davydov Dy trial states. Convergence has been ensured in the
LZ dynamics calculation by monitoring the multiplicity of the
multi-D; ansatz, and results agree with those of other methods.
The final transition probabilities in the steady states obtained
from our numerical calculations concur with the analytical
predictions. It is revealed in our systematic investigations that
larger interaction angles (0 < # < 7/2) and spectral densities
with larger exponents and coupling strengths lead to longer
transition times and greater steady-state probabilities. Finally,
our boson dynamics analysis based on the multi-D, ansatz
has successfully identified the contribution of specific boson
modes to the LZ transitions. A detailed understanding of the
mechanism using the Lorentz-type spectral density in flux
qubit and multilevel transitions is of great interest and awaits
further investigations.
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APPENDIX A: THE TIME-DEPENDENT VARIATIONAL
APPROACH FOR THE DISSIPATIVE
LANDAU-ZENER MODEL

In order to apply the Dirac-Frenkel time-dependent
variational principle, we first need to calculate the
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Lagrangian Lj,
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where the Debye-Waller factor is S;; = exp Zq {—(I,,i’_,-ql2 + If,-q|2)/?. + [}, fiql. and the last term in Eq. (A1) can be obtained
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The Dirac-Frenkel variational principle results in equations of motion for A; and B;,
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It should be noted that the main results of this work are
calculated from the above equations of motion. The equations
of motion are solved numerically by means of the fourth-order
Runge-Kutta method. In this work, the qubit is assumed to
initially occupy the state |1}, i.e., A;(0) = 1, B;(0) = 0, and
Ai(0) = B;(0) = 0(i # 1). The initial bosonic displacement is
settozero [ fi,(t — —o0) = 0], though the LZ transitions have
been demonstrated to depend also on various types of initial
coherent superposition states [55,65].

1 ’ .
E Z(AI Bﬂ‘ s e B:AF)J(;JJ Z ¥p 310 Hlp{ff'p + .“-;J)Sﬁr-

(AS)

I

APPENDIX B: CONVERGENCE TEST OF LANDAU-ZENER
DYNAMICS FOR THE QUBIT COUPLED TO A BATH OF
QUANTUM HARMONIC OSCILLATORS

We have performed convergence tests using the multi-D;
ansatz for the qubit that is coupled to a bath of harmonic
oscillators. As shown in Figs. 12(a)-12(c), we have studied
the effects of the multiplicity M, maximum cutoff frequency
@Wmax- and number of modes N on numerical calculations,
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FIG. 12. Timeevolution of thetransition probability caleulated by
the multi-2; ansatz. Tested parameters are (i) number ol multiplicity
M, (b) maximum spectrum band frequencies wy,,. and (¢) number of
oscillator modes V. Other parameters are A = 0. = 0,002, 4 = |,

and w. = 10/v/h.

respectively. As shown in Fig. 12(a), multiplicity M of 1,
2, 3. and 4 are adopted in the calculations. It is found that
converged results can be obtained using M = 3 for the studied
multiple-mode scenario, which also contains low-frequency
bath oscillators. In contrast, for the single low-frequency-mode
case, a much larger multiplicity of M =7 is required for
the convergence, as shown in Fig. 3(a). In the following, we
briefly explain why a large multiplicity is not necessary in
the presence of multiple low-frequency modes. As for Fig. 3,
the convergence test is performed for a single-oscillator case,
Before r = +/hi/v, we have already obtained converged results
using M = 3 inthe case of w = 0.1,/v/h. Around 1 = /fi/v,
the LZ transition of w = +/v/k appears much faster than that
of w =0.1+/v/h before the onset of the steady state. This
indicates that a small multiplicity of M = 3 is sufficient to get
accurate results if both frequencies of w = 0.1,/v/f and @ =
~/v/h are included. As for Fig. 12(a), the convergence test is
performed with respect to multiple harmonic oscillators, which
contain both frequencies of @ = 0.1,/v/% and w = /v/R.
Therefore, the multiplicity of M = 3 is satisfactory to provide
accurate LZ dynamics. Meanwhile, the steady-state probability
of M =3 also agrees with the analytical prediction [23].
As presented in Fig. 12(b), the maximum cutoff frequencies
Wy O 4w,, Sw,, and 6w, are used with w, = 10/v/R. It
can be found that wy,, = Sw, is sufficient to get converged
results. Figure 12(c) presents the LZ dynamics using the
number of oscillator modes N of 20, 40, 60, 80, and 100. The
roughness of the curves is found to be smaller as the number
of modes becomes larger. After the careful convergence tests,
the well-tested parameters have been applied in the numerical
calculations in this work.
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ABSTRACT: Intramolecular singlet fission (iSF) materials
provide remarkable advantages in terms of tunable electronic
structures, and quantum chemistry studies have indicated strong
electronic coupling modulation by high frequency phonon modes.
In this work, we formulate a microscopic model of iSF with
simultaneous diagonal and off-diagonal coupling to high-frequency
modes. A nonperturbative treatment, the Dirac-Frenkel time-
dependent variational approach is adopted using the multiple
Davydov trial states. It is shown that both diagonal and off-
diagonal coupling can aid efficient singlet fission if excitonic

contriubtion of off-diagonal coupling
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coupling is weak, and fission is only facilitated by diagonal coupling if excitonic coupling is strong. In the presence of off-diagonal
coupling, it is found that high frequency modes create additional fission channels for rapid iSF. Results presented here may help
provide guiding principles for design of efficient singlet fission materials by directly tuning singlet—triplet interstate coupling.

S inglet fission (SF) is a multielectron process in which a
singlet exciton generated by light irradiation is converted to
two triplet excitons.' ™ In 1965, SF was first coined to explain
photophysics in anthracene crystals.” In recent years, interest in
SF has been renewed because of its ?qrentia] to increase
maximum efficiency of organic solar cells.”™” As a result, SF has
been studied in various organic materials of polyacenes,”
polyenes,” and other chromophores, such as perylenediimide
and fert-butyl-substituted terrylenes.'”!!

To date, most efforts have been dedicated to understanding
intermolecular singlet fission (xSF), in which a singlet state on
one molecule couples with the ground-state of neighboring
molecules to form an intermolecular correlated triplet pair. The
xSF mainly involves conventional SF materials, such as
crystalline solids of pentacene,'™'* tetracene,"'* and other
organic materials,''® Mechanisms of xSF have been the focus
of many ultrafast spectroscopic measurements*'*'5 and
extensive theoretical studies based on dynamics simual-
tions'” ™ and electronic structures calculations,*’ 3" However,
due to the intermolecular nature of xSF, the efficiency of this
process is highly sensitive to geometric stackin crystal
environment, side-group, and other factors.**** % Devices
based on xSF that manipulate crystal packing are limited by the
lack of high throughput processing strategies of developing
highly ordered molecular structures. Difficulties in engineering
molecular packing morphology have promoted the develop-
ment of intramolecular singlet fission (iSF), in which the two
long-lived triplets are located on the same molecule.>® Achieved
in 2015,° iSF materials offer great advantages in terms of
tunable molecular and electronic structures, and have included
a series of chromophore dimers with a conjugated linker,”” "
such as covalently coupled pentacenes,*” and a covalent
tetracene dimer.”” Recent transient absorption measurements

v ACS Publications — ® xxxx American Chemical Society 3306

for diphenyl-dicyano-oligoene groups (DPDC,) molecules have
shown that xSF occurs in DPDC,, in acetonitrile solution, while
in DPDC, solid films, iSF dominates.*** Based on these
findings, Trinh et al. suggested that efficient SF can be achieved
by independent tuning of singlet—triplet pair coupling and
triplet pair splitting.'” However, a limited understanding of
detailed xSF and iSF mechanisms hinders the design of versatile
SF materials. In }J_artu:ula.r, a unified treatment of phonon effects
remains elusive,' "0 436

In organic crystals, fluctuations in electronic energies are
induced by intramolecular vibrations.'** (Note that this type
of exciton—phonon coupling is often called diagonal coupling.)
Recently, ultrafast spectroscopic measurements in xSF materials
have shown that phonon modes coupled to electronic
excitations play a crucial role in the xSF process*” ™ In
particular, high-frequency modes of pentacene derivatives*595!
and crystalline tetracene®™** are found to facilitate efficient
fission by resonances between vibrational modes and energy
splittings of electronic states. On the other hand, intermolecular
vibrations of the crystals induce off-diagonal exciton—phonon
coupling, which modulates electronic coupling between the
singlet and triplet pair state. Berckelbach et al. have considered
off-diagonal coupling in acene crystals and demonstrated that it
plays a minor role because frequencies of the intermolecular
vibrations are significantly lower than the energy difference
between the singlet and triplet pair state.®® Effects of those
forms of exciton—phonon coupling on xSF are usually
restricted to particular materials such as perlenediimide
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crystals.** By contrast, in the context of iSF, the transition
between the singlet state and the triplet pair state occurs within
a covalently linked dimer, and thus intramaolecular vibiations of
the linker part may induce fluctuations in the clectronic
coupling. Indeed, quantum chemical caleculations of the
covalent tetracene dimer demonstrated that high frequency
intramolecular vibrations induce nonnegligible off-diagenal
coupling as well as diagonal coupling.’” The two kinds of
coupling have been found to be tunable in a typical iSE
molecule by changing linker types and by engineering diledral
angles between the chromophore units and the linker. ™ **
The corresponding iSF dynamics has been obtained by treating
the exciton states quantum mechanically and plonons
dasmcal]}r indicating that SF time scales vary with the linker
types. Those investigations on exciton=phonon coupling
are believed to have helped understand fast iSF obsorved in a
broad range of organic molecules. However, detailed iSF
mechanisms under the influence of simultaneous diagonal and
off-diagonal exciton—phonon coupling remain ill understoad,
and thus a full quantum dynamical investigation is required for
the elucidation of this issue.

Impacts of off-diagonal coupling on exciton dyiramics in
organic crystals have been investigated previously by the Munn-
Silbey theory™® and a variational method using the Duvydov Dy
Ansatz.>*7 Recently, Zhao and co-workers have developed a
refined trial state, the multiple Davydov D, ‘i to
accurately treat dynamics of the generalized Holsicin model
with simultaneous diagonal and off-diagonal coupling. “**
Within the framework of the Dirac—Frenkel time-dependent
variation, accuracy of the method can be carefully monitored by
quantifying how faithfully our result follows the time-depend-
ent Schrodinger equation. In this work, this variational method
will be employed to explore effects of off-diagonal coupling on
iSF dynamics, and to demonstrate that high frequency phonon
modes may open up additional fission channels for rapid iSE in
the presence of off-diagonal coupling,

In this Letter, we focus on a dimer model of iSF dvinamics on
the basis of the four-electron four-orbital basis.'” A simple
scheme is considered for the iSF process, lg) — IS,) — [T},
where |g) denotes the electronic ground state, IS,) is the singlet
state, and ITT) represents the correlated triplet pair state. In
some organic materials, the iSF and xSF processes may be
accelerated by a mediated pathway, in which the single
converts to a triplet pair state via the charge transfer ( (1) state,
Quantum chemistry caleulations of acene derivatives lave
demonstrated that the energy of the CT state is siznificantly
higher than that of the singlet excited states,”*" and C'T' states
have been found not to participate in the xSF process as actual
intermediates between $; and TT.”""*7*" Moreover, using
electronic structures calculations and transient absorplion
spectroscopy, iSF has been demonstrated to occur via a direct
coupling mechanism that is mdependent of the CT states in the
covalent pentacene dimer* and tetracene dimer.”” Therefore,
we assume that the sole effect of the CT states is to effectively
couple the S, and TT states. We employ a system-bath
Hamiltonian describing the both diagonal and off*diagonal
coupling,

7§
iz,

H= Hsys + Hb:lh F Hsys—bath

(1)
The first term of H is the system Hamiltonian, and s chosen to
be that of an electronically diabatic Hamiltonian for lg), IS,),
and [TT})
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5, TT m=5,TT ngm (2)
where i the Tranck=Condon energy associated with
electionic transition fram lg) Lo 1), and Jg rr is the strength of

the mterstate coupling between Sy and TT. Js qr includes the
contribution of the direct coupling between §, and TT based
on the lwo electron integrals " 15 well as that of the effective
cotipling created by q.l.mlll.n mixing of CT and e]ectromc
states. Second tenm of Horepresents the bath Hamiltonian Hb,ﬂ“
and is given by
i - N o , f

(3)

wheee o indicates the frequency of the gth mode of the bath

with creatian operator, .":T_. wnnihilation operator, b The
thivd tecon of Horepresents the system-bath coupling, H, yi—baths
and s given by

S bal) 8

2, sl A, &,

Syl d

N 1LY IT
¥ }(ul,\,lﬂ.sh
m=5 11 ik (4)
v ; a at o o

where we have defined operators &, = ﬂwng(bq + bq) and
&, = fuv e (b 4 by)og, aned o) are the diagonal and off-diagonal
exciton—phonon coupling strengths between the system and
gth respectively. represents  the reorganization
encrgy associated with the transition from Im) to In), and 422
is the amplitude of fuet is in interstate coupling between
Iney and ). Details of both types of coupling are given in the
Suppo Information (81). The diagonal coupling term
describes fluctuations in the electronic energies induced by
intramolecular vibrations, whercas the term of off-diagonal

cotpling is attributed to the fluctuations in electronic coupling
induce intramolecular and intermolecular vibrations, as
mentioned above. The \ph tral density Jo(@) (@ = xy) is a
useiul measure for characterizing various forms of exciton—
phonon coupling, and can i - evaluated in terms ofgq (c) as
_,'.I._l\;_'ul — % 2‘ fIfrJ lla"'| J, — (g)
(s)
)1'_ () = = Z fff-'*‘..'!*'.,?*if"” — r.-,:q)
= (6)

In this study, we model the diagonal-coupling spectral densities

using nder¢ lumped Brownian oscillators with Huang—Rhys
factor "-' , = "---.E-"U'”’.'..-.ug.\-'l such that
L) B I,
{m . m.l..u‘,) l"’“'lg (7)
where g S the wvibrational frequency and ¥y, is the
vibrational relaxation rate. In the iSF materials, the gommant

contril s to off-diagonal coupling are from the intra-
vibrations. Similarly, we model the off-diagonal-

spectral densities as

molect
coupiing
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4}’0 AW q @

T 7 3
(0® — wyq) + A

() =
3 (8)

where @,4 is the vibrational frequency and y,4 is the
vibrational relaxation rate.

The multiple Davydov trial states with multiplicity M, which
are essentially M copies of the corresponding single Davydov
Ansatz, 5% have been developed for the Holstein model and
the spin-boson model. In the two level system description of
the iSF process, one of the multiple Davydov trial states, the

multi-D, Ansatz with multiplicity M, can be constructed
2 599,63,64

M -F
IDQ{): E Z cin(!)ln)e{z’fi‘(r)bq_HIE-)m)ujb

{=1 n=8,TT

©)

where H.c. denotes the Hermitian conjugate, and 10}, is the
vacuum state of the bosonic bath. ¢,,(t) is the time-dependent
variational parameter for the amplitudes in states |n}, and _f,-q(t)
denotes the phonon displacements, where i and q denote the
ith coherent superposition state and gth effective bath mode,
respectively. If M = 1, the multi-D, Ansatz is reduced to the
usual Davydov D, trial state. The time-dependent variational
parameters ¢,,(¢) and f;q(t) are determined by adopting the
Dirac-Frenkel variational principle. Detailed derivation of
equations of motion for variational parameters are given in
references elsewhere’®**%%%? and the SI.

To obtain numerical solutions to the equations of motion for
the variational parameters, the continuum spectral densities
Jel@) and J(@) need to be discretized. In this study, the
method of linear discretization is employed. The displacement
g, for each w, is given by g; =32 (wq)ﬂ.&)/fﬂ:ﬁw:). With
respect to off-diagonal coupling, the displacement ¢, for each ),
is given by c: = 2], (w,)Aw/(zhw;). The validity of our
variational method for SF dynamics is carefully examined by
quantifying how faithfully our result follows the Schrédinger
equation in balance with the computational efficiency, as details
are given in the SI,

Below we present and discuss numerical results regarding iSF
dynamics in the dimer model. A simple dimer model including
two excitonic states 5; and TT is adopted, and our focus is on
the effect of two intramolecular vibration modes, one of which
is diagonally coupled (fiwy,,) to the exciton states, and the
other, off-diagonally coupled (Aw, 4). A Huang—Rhys factor of
0.7 is chosen for S, which is estimated from fitting measured
absorption spectra of acene derivatives with a theoretical
spectroscopic model.*™® It is found that the reorganization
energy of TT is several times larger than that of S, in pentacene
derivatives and tetracenes, and the off-diagonal coupling
strength is 1 order of magnitude smaller than the diagonal
coupling strength,**** such that the Huang—Rhys factor of TT
is set at Syp = 285, throughout this work, and the off-diagonal
coupling Huang—Rhys factor $3% = 28%-/(hw,,) is chosen
to be 0.1. To be in line with the beating lifetime due to
vibrational coherence in 2D electronic spectra of pentacene
derivatives,*® the vibrational relaxation rates are set to y;ig =
7ad = 1 ps. As the initial condition for our numerics, only the
singlet state is excited according to the Franck—Condon
principle. It has been suggested that efficient SF can be
achieved by tuning the §,—TT interstate coupling and triplet
pair splitting independently.*® As shown in our Hamiltonian
(2), excitonic coupling Js,rr determines the direct §,—TT

3308

coupling. If the frequencies of the vibrational modes @, and
@4 are high compared with the thermal energy kyT, the
intramolecular vibrations are thermally inactivated, and the
fission dynamics driven by the high frequency modes is
temperature independent in a wide temperature range.*® Thus,
in this study, temperature is set to be T = 0 to reduce the
numerical cost, although the inclusion of the temperature effect
in the multiple Davydov Ansatz is straightforward by applying
Monte Carlo importance samp]j.ng.ﬁz

We first look into a scenario with weak excitonic coupling
Js,rr = 20 meV and the transition energy €5, — errg = 100

meV, both of which are tyxical values for the SF process in

pentacene derivatives.”"**** As shown in Figure la, the

R

fwr == sy

o
@

o

a
Population of S,

Papulation of 51

.ngfn”‘rh‘,*mwfm

U |
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o
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=
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Figure 1. Time evolution of the singlet population for (a) the case of
weak excitonic coupling Js v = 20 meV, €5, — €47, = 100 meV,
hwg,, = 0 meV, and hw,y; = 80 meV, and (b) the case of strong
excitonic coupling J5 rr = 80 meV, €5, — €rrg = 30 meV, Awg,, = 95
meV, and fiw, 4 = 0 meV., The green lines correspond to cases in the
absence of exciton—phonon coupling.

oscillation amplitude of population of §; is 0.13 in the absence
of exciton—phonon coupling (green line). Despite weak direct
coupling, it is suggested that strong mixing between §, and TT
can be allowed with the assistance of exciton—phonon
coupling.”""* In the presence of diagonal exciton—phonon
coupling, the high-frequency phonon modes have been shown
to facilitate the efficient SF if excitonic coupling is weak.*® Here
we study the impact of off-diagonal coupling on SF dynamics.
As shown in Figure la, the population of §, for fiw,, = 80
meV, calculated by the D¥=3 Ansatz, decays to 0.4 at long times,
signaling an efficient SF process. For this scenario, the emission
of a single off-diagonally coupled phonon can relax the initial
singlet excitation to a double triplet state.’* Consequently, the
presence of off-diagonal coupling changes the SF process
substantially if excitonic coupling is weak.

Next we turn to a case with strong excitonic coupling Js rr =
80 meV and transition energy €5,5 — €1 = 30 meV, as strong
excitonic coupling has been achieved experimentally wvia
interchromophore bridge control in covalently linked tetracene
dimers." As shown in Figure Ib, in the absence of exciton—
phonon coupling, the S, population exhibits purely Rabi
oscillations (green line), due to strong excitonic coupling. If
only diagonal exciton—phonon coupling is added, the picture is
changed drastically (blue line), and the system becomes
trapped in the TT state. This rapid, irreversible decay of the
Rabi oscillation in the SF process is owing to dissipation
induced by diagonal exciton—phonon coupling, in agreement
with decay dynamics in the ultrafast charge transfer process at

DOk 101027/ acs jpclett. 7Th01 247
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L However,

an oligothiophene-fullerene heterojunction,
efficient SF is not found under the influence of ofl-diagonal
exciton—phonon coupling if excitonic coupling is strong (sce
the SI).

In particular, for recently developed iSF m'ttcu. Is, such as
covalent pentacene and diazadiborine dimers,” excitonic
coupling strength is often smaller than the transition snergy, so
we choose Jg r = 20 meV and €5, — ¢y, = 100 meV in our

iSF dynamics study. Off-diagonal coupling has been [ound for

low frequency phonon modes in teracene™ ™" uid high
frequenz Fhonon modes in covalent chromophore
dimers.*”"®** In order to further explore the eflects of off:

diagonal coupling on iSF, we examine time evolution of singlet

population as functions of Awg,, and Aw, . Figure 2 shows

(a} 100 fs

(b] 250 is

200, 200

160

A d moV)

0
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0
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160 160

hest iy (meV)
o
[

Piestpi gV )

[+:]
o

20 40 60 80 20 40 B0 50
By g (meV) Fiaany g e\ )
[N oS [T - ]
0 1 0 1

Figure 2. Snapshots of singlet population as functions of fien,, and
fiw, 4 at the time of (a) 100 fs, (b) 250 f5, (c) 500 fs, and (d) 2000 fs.
The other parameters are J5 vr = 20 meV and €5, — €7y, = 100 meV.

snapshots of singlet population at t = 100, 250, 500, and 2000
fs. On one hand, a single phonon mode of fievy,, = 80 meV
brings about a single efficient channel for SF dynamics in the
absence of off-diagonal coupling.*® On the other hand, Figure 2
clearly exhibits some channels for rapid SF dynamics due to the
presence of off-diagonal coupling, despite a complex depend-
ence of efficient SF on A@, 4. In order to better interpret this
dependence, we divide the phase space into three regions, 5 <
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ha, 20 meV, 30 < hi, ;£ 50 meV, and 80 < A,y < 110
me\
115 < N,y = 50 meV, the SF dynamics in Figure 2¢,d is
driven by the phonon |...uL'L. around Awy,, = 80 meV. Figure 3
(n) I _‘-“ Hin (B) Peg = 20meV
i 1
Jeh g = iy Lh — hidgiay = 100meV
i h } \ J'_ I —Fiag = 120meV
g \ ‘;f O-Gi —histgiag = 140NV
e — iy = 1600V
[} = |
sé g o
a ipil a !
il 0.2
500 1000 1500 2000 % 500 1000 1500 2000
1(is) 1{fs)
Figure 3. Time evolution of singlet population for the phonon mode
freey, 20 meV dingonally umpled to the §; and TT states. The
;Ihu 1on imodes off- :||’1|\_1m‘|‘1[||\ (ni] u[\in d are (a) hmm = 10 40, 60 and
80 meV : .lI (b) e,y = 100, 120, 140, and 160 meV, The other
P"ll ameters are same as i Fure L.

shows the time evolution of singlet population for A, 4 = 20
meY and four values of i ,,. The dependence of SF on Ay,
heve is qualitatively similar to thatin the only diagonal coupling
scenario. Due to the low frequency phonon mode A, 4, the

value of A¢ %= S‘_\fl‘f-j-;-h i), 1 15 significantly lower compared with

nal reorganization energy, and thus SF is dominated
sonances belween vibrational modes A, and
splittings

Concerning the intermediate region of 50 < Aw,y < 80
meV, cflicient SI' is found in Figure 2 via several fission
channels, including that around ﬁwd,-,s = 80 meV. Figure 4

electroni

) B, = 0maV (1) Pty = O0meV
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Figure 4. Time evolution of singlet population for the phonon mode
hew,y, . = 60 meV diagonally coupled to the §; and TT states. The
phonon modes off-diagonally coupled are (a) hw,y = 20, 40, 60, and
80 meV and (b) M,y = 100, 120, 140, and 160 meV. The other
p:u'ill'.l‘.'l':l.‘\' are same as q'ing\‘ ..)..

shows the time evolution of singlet population for iiw, 4 = 60
meV and various values of f1e;,,. The magenta line of Awg,, =
80 meV in Figure 4a and the green line of Awg,, = 140 meV in
Figure 4b exhibit fast decay dynamics. However, SF dynamics
for both cases is much slower than that in Figure 3a, because
the interplay between fission dynamics and the mode Ry =
80 meV is drastically affected by the introduction of the mode
hw, . = 60 meV. What is shown in Figure 4 is compatible with

DOE 10,1021 /acs fpclert.7b01247
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the SF mechanism with two diagonal coupled phonon modes,*®
in which inclusion of a second phonon mode creates a new SE
channel, and if there is only diagonal coupling, shifts the
optimal phonon frequency that promotes SF dynamics.
However, in the presence of off-diagonal coupling, the SF
channel around he . = 80 meV is found unchanged.

As for the third region, SF dynamics is mainly facilitated by
the high frequency phonon mode (fw, ), as shown in Figure
2. Comparing to the first and second region, efficient SF in this
region is found to be dependent on a larger number of phonon
modes, in qualitative agreement with the dependence of SF on
multiple phonon modes in covalent tetracene dimers.”” Figure
5 presents the time evolution of singlet population for Aw,, =

fll) Ty, = 10000V {h} Ty, = 1hoeV
1 — 1 . —
— ity = 20eV| b A P, e
f — gy = 0meV| "'E‘" '(';pﬂ R g
0.8 z | 0.8 Ok A T
o I =Ty, = G0meV]| = ﬁ ’éﬂ‘.‘“ﬁ-mj‘\"
o I [#5] i
S osli —liigiug = BV e 0.6 — Trtpiay = 1meV
§ ‘E | liwiy = 120meV
S 04 2 0.41) \ .mﬂ
] =1 !
a % e
(3 & j .
W 02 0.2| — Ty = 140meV
Bty = 160meY
1 | S e (1 e
0 500 1000 1500 2000 0 500 1000 1500 2000
1(fs) 1(fs)

Figure . Time evolution of singlet population for the phonon mode
heg,, = 60 meV diagonally coupled to the S, and TT states. The
phonon modes off-diagonally coupled are (a)fiw, ; = 20, 40, 60, and
80 meV and (b) hw,, = 100, 120, 140, and 160 meV, The other
parameters are same as Figure 2.

100 meV and different values of fiwy,, Due to the high
frequency phonon mode /i, 4, the initial oscillation amplitude
is much larger than 0.13, which is the oscillation amplitude in
the absence of exciton—phonon coupling. The envelope of fast
oscillations is found to decrease gradually owing to dissipation
induced by exciton—phonon coupling. Moreover, the SF time
increases with increasing Awy,,.

In conclusion, we have devgopcd a model of iSF dynamics
including simultaneous diagonal and off-diagonal exciton—
phonon coupling. Following the Dirac-Frenkel time-dependent
variational principle, we provide an accurate description for iSF
using the multi-D, Ansatz, a superposition of the usual Davydov
D, states. To our knowledge, diagonal coupling has been
reported to aid efficient SF if excitonic coupling is weak, 48
and it has also been shown in this work to facilitate efficient
fission if excitonic coupling is strong. Furthermare, we have
demonstrated for the first time that off-diagonal coupling plays
a crucial role in the fission process only if excitonic coupling is
weak. It is determined that iSF dynamics strongly depends on
the frequency of phonon modes in the presence of off-diagonal
coupling, and high frequency phonon modes result in efficient
iSF, even if the off-diagonal coupling strength is weak. Multiple
SF channels can be created by the simultaneous presence of
diagonal and off-diagonal coupling, Thus, a unified framework
has been provided to capture the effects of diagonal and off-
diagonal coupling on SF dynamics. Results presented here may
help provide guiding principles for design of efficient singlet
fission materials by directly tuning singlet—triplet interstate
coupling,
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Following the Dirac-Frenkel time-dependent variational
principle, transient dynamics dfﬁ'a'_qne-d_imensional Holstein
polaron wi'th:dl'ag_ 1al and off-diagonal exciton-phonon
coupling inan: external electric field Is studied by employing
the multi-D; Ansatz alsu known as a-isuperposltion of the. '
usual Davydav Dz trial states Resultant polaron dynamics
has slgmﬁcant[y' nhanced: accuracy, and Is in perfect agree-
ment with that den\red from the hierarchy equations of mo-
tion method. Starting from an tnitlal broad wave packet,

the exciton undergoes typ cal Bloch oscillations. Adding
weak exmton~phonon coupling leads toa broadened exciton
wave packet and ia-reduced currentamplitude. Using a nar-
row wave packet as the Initial state, the bare exciton oscil-
latesina symmetric breathlng mode, but the symmetry is
easlly broken h_y-weak cou pllng to phonons, resulting ina
non-zero excitoncurrent. For both scenarios, temporal peri-
odicity is unchanged by exciton- phonon coupling. In partic-
ular, at variance with the case of an infinite linear chain, no
n-a finite-sized ring within the anti-
adiabatic regime. For. strong diago nal coupling, the multi-
D, Anstaz s found to be highly accurate, and the phonon
confinement gives rise to exciton localization and decay of
the Bloch oscillations. '

1 Introduction

Early evidence of time-domain Bloch oscillations [BOs)
in superlattices was revealed by transient degenerate
four-wave mixing (DFWM) [1, 2], yielding results in
agreement with the work of Esaki and Tsu [3]. BOs
emerge when an electron subject to a perfectly peri-
odic lattice potential executes periodic motion in the
presence of an external electric field [4-10]. In recent
decades, BOs were found in various physical systems. For
example, with the progress of laser cooling and manipu-
lation, cold atoms in an optical lattice were found to ex-

© 2017 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

hibit BOs and Wannier-Stark ladders [11, 12], in accor-
dance with theoretical predictions [13-15]. Further ex-
perimental evidence of BOs was found in atomic Bose-
Einstein condensates (BEC) in optical lattices [16-18], in
a semiconductor waveguide [19], and in a thermo-optic
polymer array subjected to a temperature gradient [20]. It
was also suggested that waveguide arrays with a change-
able effective index of individual guides would be an
optimal system to detect optical BOs in the space do-
main [21]. In addition, BOs have received much attention
in the past decades for its potential application in THz
generation and negative differential conductance [3]. In-
vestigations of BOs have been carried out in THz emis-
sion [22], electro-optic detection [23], and DFWM exper-
iments [1]. Recently, a new mesoscopic amplifier by the
name of Bloch Oscillating Transistor has been proposed
based on BOs [24].

Following the remarkable experimental progress, re-
cent theoretical work explores the presence of BOs in
a variety of contexts. For example, formation of pho-
tonic BOs was investigated in an exponentially chirped
one-dimensional Bragg grating using Hamiltonian op-
tics, where paths of geometrical rays are determined
from Hamilton's equations [25]. BOs were also theoret-
ically predicted to exist in magnetic systems, such as
soliton-like domain walls in anisotropic spin 1/2 chains
under magnetic fields [26]. Furthermore, BOs in interact-
ing quantum few body systems have been modeled with
the Bose-Hubbard model [27].

One important issue for BOs dynamics is the effect
of carrier-phonon interactions, which is of essential im-
portance for systems such as semiconductor superlat-
tices [28, 29], organic materials [30-36] and quantum
dots [37, 38]. The phonon bath is treated classically and
the associated carrier-phonon coupling semi-classically
in the Su-Schrieffer-Heeger model for polymers [30-33]
and in the Peyrard-Bishop-Holstein model for DNA [34,

* Corresponding author E-mail: YZhao@ntu.edu.sg
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35]. More than forty years ago, Thornber and Feynman
studied the motion of an electron in a polar crystal in a
strong electric field using Frohlich’s polaron model, and
found that the electron acquires a constant velocity due
to the emission of phonons (39]. Much theoretical work
based on the rate equations or the Boltzmann equation
later focused on calculating transition rate probabilities,
rather than complex quantum amplitudes [40, 41]. How-
ever, full quantum coherence was revealed to be retained
in an inelastic quantum transport process and a steady
state was found to be reached subject to an infinite lat-
tice, leaving the dispersionless optical phonon absorbing
the excess energy from the external field [42, 43].

Despite dedicated studies of BOs dynamics, the effect
of complex interplay between the electron and its ac-
companying phonon cloud in a one-dimensional lattice
remains an open question [44, 45]. Spatial dynamics
influenced by exciton-phonon coupling is also inade-
quately studied given initial broad and narrow exciton
wave packets [46, 47]. Moreover, a unified treatment
on various types of exciton-phonon coupling remains
elusive.

The intramolecular (diagonal) and intermolecu-
lar (off-diagonal) exciton-phonon coupling has been
demonstrated to coexist in organic materials [48], and it
is shown that off-diagonal coupling plays a crucial role
in polaronic diffusion [49]. In the presence of an exter-
nal electric field, polaron motion with off-diagonal cou-
pling in polymer chains has been simulated with a semi-
classical method [36, 50], neglecting the quantum nature
of phonons and exciton-phonon coupling. Fully quan-
tum mechanical treatments are few in the literature with
little attention paid to Hamiltonians with off-diagonal
exciton-phonon coupling and an external field due to in-
herent difficulties to obtain reliable solutions [43].

Based on the Holstein molecular crystal model, which
describes the motion of an exciton enveloped by a
cloud of phonons [51], we include both diagonal and
off-diagonal exciton-phonon coupling. Despite apparent
simplicity of its Hamiltonian, the Holstein model never
ceases to surprise us with rich physics related to exciton-
phonon correlations. The off-diagonal coupling was in-
vestigated earlier by the Munn-Silbey theory [52] and
a variational method using the Davydov D; Ansaiz [53]
and the global-local Ansatz [54]. Recently, Zhao et al. de-
veloped a refined trial state, the multiple Davydov Ds
Ansatz, to accurately treat the dynamics of the Holstein
model with simultaneous diagonal and off-diagonal cou-
pling [55, 56]. In this work we will apply this method to
polaron dynamics in an external field.

In addition, only interactions between the exci-
ton and optical phonons were considered previously
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[39, 43, 55]. Quantum-mechanical calculations indicated
that excitons are coupled to both acoustic and opti-
cal phonons [59, 60]. Discussions on the role played by
acoustic modes are inadequate in the literature, espe-
cially in the simultaneous presence of acoustic and op-
tical phonons accompanied by an external field [61, 62].

In this work, we investigate the impact of diagonal
and off-diagonal exciton-phonon coupling on polaron
dynamics in a ring system in the presence of a constant
electric field using the multiple Davydov D; trial state
with the Dirac-Frenkel variational principle. Accuracy
of the method is verified by the comparison with ben-
mark calculations obtained from the numerically exact
hierarchical equations of motion (HEOM) method [63,
64], which is also firstly used in this work to deal with
field-driven cases to the best of our knowledge. The va-
lidity of our variational method is also carefully exam-
ined by quantifying how faithfully our result follows the
Schrodinger equation in balance with the computational
efficiency. For weak exciton-phonon coupling in the anti-
adiabatic regime, we consider both acoustic and opti-
cal phonons, and calculate the time evolution of vari-
ous quantities with special attention paid to the effect of
weak dissipation on the spatial amplitudes of BOs using
different initial conditions. Treating strong diagonal cou-
pling is a formidable challenge for the HEOM method,
but our variational method using the multi-D, Ansatzre-
mains numerically affordable (in fact, with a higher pre-
cision with stronger coupling).

The rest of the paper is structured as follows. In Sec. 2,
we present the Hamiltonian in the gauge transformed
form and our trial wave function, the multi-D, Ansatz.
In Sec. 3.1, our variational results are compared to those
of the benchmark HEOM calculations. In Sec. 3.2, the in-
fluence of weak diagonal coupling in the anti-adiabatic
regime on the exciton wave packet is investigated using
initial Gaussian wave packets with varying widths with
particular attention paid to the possible existence of a
steady state. Finally, polaron dynamics is examined in
the strong diagonal coupling regime in Sec. 3.3. Conclu-
sions are drawn in Sec. 4.

2 Methodology
21 Model

The Hamiltonian of the one-dimensional Holstein po-
laron reads

H = Ao+ Hpn + A, + ASY, (1)

ex—ph
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where Hex, R, A5, and A%% , denote the exciton
Hamiltonian, the bath (phonon) Hamiltonian, the diag-
onal and off-diagonal exciton-phonon coupling Hamil-
tonian, respectively. An extra term F)_, na:r;an is added
to represent the scalar potential induced by a constant
external electric field F. After bending a linear chain of
atoms into a ring, however, potential of the field would
become discontinuous at end points, leaving the use of
periodic boundary conditions questionable [65]. A later
treatment [66] using a gauge transformed vector poten-
tial [67] avoids this problem and is thus suitable for ring
systems. We will use the gauge transformed Hamiltonian
for the ring system under a constant electric field (see
Supporting Information for details), which can be de-
fined as

H‘«‘x = E ﬂj, (e——l’f-‘:a"“ % eiFran—l} s
n

th =y Z bme
n

A, = —gwn Y ajan (ba+ BY),
n

Ho.d.

ex—ph

= %‘Pw@ %: [a]:anﬂ (b.’ + b}) (SJH-L! % 5:1..‘)

it aLavi—l (I’! T bf) (‘SM = 5n~l.f]] (2)

where &), (&) and b}, (B,) are the exciton and phonon cre-
ation (annihilation) operators for the n-th site, respec-
tively. Written in the phonon momentum space,

By = Y wgbiby, i
q
H,edx]igph = _N—lj'Zg Z wqaia" (eiqan + e—iqﬂbl]) '

ngq

B3 = 3N Y wg @ (€7 — 1)b, + Hec)

ng

+af @1 [€9(1 — )b, + H.cl]),

where w, is the phonon frequency with momentum g,
and bj, (b,) is the creation (annihilation) operator of a
phonon with momentum g,

bl; = N1/2 Zefqu&;ﬂ 5}1 = N1z Z e—fqug,‘tr (4)
n q

The parameters J, g and ¢ represent the transfer in-
tegral, the diagonal coupling strength and off-diagonal
coupling strength, respectively. In this work, we take
wq = wy |8in(g/2)| as the dispersion relation for acous-
tic phonons, where g = 21/ N represents the momen-
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tum index with I = —& +1,..., ¥; in the case of optical
phonons, we consider the Einstein dispersionless model,
i.e., wg = wy. For simplicity, the Debye frequency is taken
to be equal to the Einstein frequency wy. In the remain-
der of the paper, wy is set to unity as the energy unit.

2.2 Multiple Davydov trial states

The multiple Davydov trial states with multiplicity M,
which are essentially M copies of the corresponding sin-
gle Davydov Ansatz, have been developed to investi-
gate the time evolution of the Holstein polaron follow-
ing the Dirac-Frenkel variational principle. The multi-D,
Ansatz has less variational variables than the multi-D;
Ansatz when same M is used, nonetheless it can more
accurately describe polaron dynamics in the presence of
off-diagonal coupling [55]. In this work, we employ the
multi-D, Ansatz. It can be constructed as

M N

DY (0) =D vualn |23}, (5)

]

M N
Z Z WIf!a'Il 10} ex exp [ Z [liqﬁz-,- - J‘-;qbq]] |0:‘ph v
i on q

where ;,and 4,4 are time-dependent variational param-
eters for the exciton probability and phonon displace-
ment, respectively, n represents the site number, and
i labels the coherent superposition state. If M = 1, the
ID} (1)) Ansatz is restored to the usual Davydov D, trial
state. The equations of motion of the variational param-
eters ¥, and 1, are then derived by adopting the Dirac-
Frenkel variational principle,

d (BLQ) 9Ly

e r—— — et 0,

dt 5'1.!"?‘" 31,5',-"

dfoL) oL _, )
dr\ar, ) or,

for the multi-D, Ansatz, and the Lagrangian L is formu-
lated as

Ly = (DY(1)|

i d
_ D.’\f
= AH|D3(1)

2
i Fl 9

% Mo 9 imMray _ M 2omM

=5 [(Dz (8)] ar'Dz (1) = (D3 (0 arlDz Eﬂ)]
—(D¥(1)) AIDM(1). )
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where the first term yields

. —> <—
%[(Dz(H—ID (1) — <D£’°’tr}1—ln (t))]

.M
= é S5 (Wnbin— ¥inbin) S

ij n
- Z‘, Y S Z {M
ij n
*MW—A“’ + Njghig — A.-qi}q} ; (8)
and the second term takes the form
(Dg*;:)| H|DY (1)
= (D' (0] Aex |D2" (1) + (D

+(D¥ (0| A, DY (o) +

|D2 (1))
(DZ {Iﬂ Hex pthéw{r]}- (9)

where the Debye-Waller factor is formulated as
1
Ss;=exp{2l?ql;q— 3 (|liz;'|2 +1Mqlz)}- (10)
q

Detailed derivations of the equations of motion for
the variational parameters are given in Supporting Infor-
mation. In the numerical calculations, the fourth-order
Runge-Kutta method is used to integrate the equations
of motion.

Wwith the wave function |DM(r)) available, the to-
tal energy Eiotal = Eex + Eph + Ediag + Eoff 18 calcu-
lated, where Eex = (D3| HexID}), Epn = (D3| Hpn|DY),
Eaug = (DY AR, DY), and Eon = (D}|AZY,,ID).
Additionally, time evolution of the exciton pmbablhty
Py (t, n) and the phonon displacement X,u(¢, ) is also
calculated

Pex(t, 1)
Xph(r n}

= (DJ|a}a. D},
(DM|b, + BfjDY). (11)
We further use a standard deviation o(f) and a mean

value c(f) of the exciton wave packet to characterize the
motion of the exciton wave, which are defined as follows

N
c(t) =) nPult, )

i

N
a(9? =) (n— c(8)? Puxlt, ) (12)
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where the mean value c(#) describes the centroid of the
exciton wave packet, and the standard deviation is used
to measure how far the exciton wave spreads out from
the mean position. It is noted that the standard deviation
o (f) and the mean value c(f) are sensitive to the initial
standard deviation oy of the exciton wave packet.

3 Numerical results and discussions
3.1 Validity of variation for transient dynamics

In this subsection, we show that the multi-D; Anstaz with
sufficiently large multiplicity M yields quantitatively ac-
curate solutions to the dynamics of the Holstein po-
laron with both diagonal and off-diagonal coupling, in
perfect agreement with the benchmark calculations of
the numerically exact HOEM method (see Sec. 4 of Sup-
porting Information) (63, 64]. For simplicity, only optical
phonons are used in this subsection.

3.1.1 Diagonal Coupling

First, we study the case of diagonal exciton-phonon cou-
pling. Dynamics of the Holstein polaron under a con-
stant external field is investigated by using the multi-
Dz Anstaz, in comparison with those obtained with the
single Davydov D; Ansatz and the HEOM method. Us-
ing these approaches, the time evolution of the exci-
ton probability Pe(t, n) as shown in Fig. 1 is simu-
lated in the case of / =0.1,g=0.28 and F=01lina
small ring with IV = 8 sites for simplicity. The exciton is
created on two nearest neighboring sites v, = (8,52 +
anNﬁ_H}f\/ﬁ. and the phonon displacement A; 4(f = 0) =
0 is set. As depicted in Figs. 1(a) and (b), distinguishable
deviations in Pux(f, ) can be found between the varia-
tional results from the DY=! and D}"='® Ansditze. Inter-
estingly, Pw(t, ) obtained from the HEOM method in
Fig. 1(c) is almost identical to that by the D}'='® Ansatz
in Fig. 1(b). Furthermore, the difference in the time evo-
lution of the exciton probability between the variational
and HEOM methods, A Py (t, 1), as displayed in Fig. 1(d),
is two orders of magnitude smaller than the value of
P..(t, n), indicating that the variational dynamics of the
Holstein polaron under the external field can be numer-
ically exact if the multiplicity M of the multi-D; Ansatzis
sufficiently large.

It should be noted that the HEOM method is nu-
merically expensive and thus impractical when the sys-
tem size is large, while time dependent variational ap-
proaches are still valid to treat the polaron dynamics
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Figure 1 Time evolution of the exciton probability Pe(t, 1) for a
diagonal coupling caseof /] = 0.1, g =0.28 and F = 0.1 s ob-
tained from (a) the single D}=! Ansatz, (b) the DY'='® Ansatz,
and (c) the HEOM method. The difference A Pex(f, 1) between the
HEOM and the D}™=6 trial state s displayed in (d). The time unit £
denotes the time period of BOs. N = Bis used in the calculations.

for large systems once a proper trial wave function is
adopted.

3.1.2 Off-diagonal Coupling

We extend our discussion to the off-diagonal coupling,
which is a formidable problem due to intrinsic diffi-
culties in achieving reliable results. The off-diagonal
coupling was emphasized as modulations of electron-
electron interactions by ion vibrations in Mahan's cele-
brated textbook on many-particle physics [68]. Due to
a lack of dependable solutions, a complete understand-
ing of out-of-equilibrium dynamics for off-diagonal cou-
pling remains elusive. Below we start with a validity
check of our variational method.

Dynamics of the Holstein polaron with off-diagonal
coupling under a constant external field is examined by
using the multi-D, Ansatz with different multiplicity M.
As shown in Figs. 2(a)-(c) and (e), the time evolution of
the exciton probability Pi(t, n) is obtained by the D)=,
DY=8, D}=% Ansditze and the HEOM method, respec-
tively. Figs. 2(b), (c) and (e) display quite similar patterns
and all three are largely different from Fig. 2(a). Differ-
ence between Pu(t, n) obtained by the D}*=® and D}=*"
Ansatz as shown in Fig. 2(d) is two orders of magnitude
smaller than the value of P.x(z, 1), pointing to the nearly
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Figure 2 Time evolution of the exciton probability Pux(f, 1) fora
off-diagonal coupling caseof / = 0.1, ¢ =0.28and F =0.11s
obtained from (a) the DY~ Ansatz, (b) the D}'=® Ansatz, (¢) the
D}=20 ansatz, and (e) the HEOM method. (d) The difference be-
tween the D}'=® and D}™=%° Ansdtze and (f) A Pux(t, 1) between
the HEOM and the D}'=2° Ansatz are displayed.

converged results already obtained by M = 8. Moreover,
the difference in P..(t, n) between the D}'=2° Ansatz and
the HEOM method, A P.(¢, n), as depicted in Fig. 1(f), is
also two orders of magnitude smaller than the value of
P (t, n), showing the superior accuracy of the multi-D;
Ansatz.

In addition, a quantity named the relative devia-
tion ¥ (see Supporting Information) is also used to test
the validity of our time-dependent variational approach
by quantifying how closely the trial state follows the
Schrédinger equation, as depicted in Fig. 3. As the mul-
tiplicity M increases, the relative deviation T decreases
and approaches zero as M goes to infinity. This is sup-
ported by the relationship £ ~ M™* with an exponent
of 4 =3.15(1) in the inset of Fig. 3. Therefore, in the
limit of large M, our variational method using the multi-
D, Ansatz provides a numerically exact solution to the
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Figure 3 Relative deviation = from the multi-D, Ansatz is dis-
played as a function of 1/ Mwith parameters | = 0.1, ¢ = 0.28
and F = 0.1, Theinset reveals the relationship ¥ ~ M" onalog-
log scale, where the dashed line represents a power-law fit.

Schrédinger equation in the presence of the external
field.

3.2 Anti-adiabatic regime

The effect of a bosonic environment on BOs, i.e., BOs
in a polaron framework, is further investigated in this
subsection. As usually envisioned for electronic trans-
port in crystals, motion of electrons is occasionally scat-
tered by lattice vibrations [39]. Pronounced modulations
of the four-wave mixing signal with characteristics of the
temporal periodicity of BOs has been detected experi-
mentally in an optical investigation of BOs in a semi-
conductor superlattice, and can be attributed to lattice
scattering [1]. Bouchard et al. excluded interband tran-
sitions from being responsible for the signal modula-
tions and confirmed the single-band model as an appro-
priate approximation [69]. Several pioneering theoreti-
cal studies also demonstrated the modulations of BOs
by the electron-phonon interaction [39, 43, 70]. Despite
tremendous experimental and theoretical efforts ded-
icated to the phonon modulated BOs, the underlying
mechanisms are still not well understood.

To be specific, both the acoustic and optical phonons
have been experimentally revealed to coexist in the semi-
conductor superlattice [71], and amplitudes of exciton
wave packets has been confirmed to be very sensitive
to the precise excitation conditions in a weak external
field [46]. However, there is a lack of investigation on BOs
dynamics influenced by the two phonon branches when
the exciton starts from a Gaussian wave packet with vary-
ing widths.

In this subsection we will focus on dynamic prop-
erties of the Holstein polaron including the time evo-
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(a) P, (t.n) (b) P, (t:n)
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(d) X2P*2(tn)

-0.4 98
Figure 4 Time evolution of the exciton probability Pec(t. 1) ob-
tained from theDg{=15 Ansatzinthecaseof f = 0.1and F = 0.1
and an initial broad Gaussian wave packet of og = 1 is displayed
in (a) (g = 0) and (b) (g = 0.4). In the presence of weak diagonal
coupling (g = 0.4), the phonon displacement Xpn(2, 1) is shown
for (c) acoustic phonons and (d) optical phonons.

lution of the exciton probability and the phonon dis-
placement for weak exciton-phonon coupling subject to
a constant external electric field. Two typical scenarios
are discussed by considering initial Gaussian wave pack-
ets with initial widths ey = 1 and 0.2, as shown in Fig. 4
and Fig. 5, respectively. The initial Gaussian distribution
[72] is described as follows

p(n t=0) = [27)/ 0o] " exp (—12/202) (13)

which is centered at site n= 0, and the associated ini-
tial wave function is taken as the square root of the
distribution:

¥ (nt=0) = [27)"2 0] " exp (— /402 (14)

In particular, the roles played by the acoustic and opti-
cal phonons on the exciton transport are explicitly com-
pared under the same external field. Itis difficult to parti-
tion these branches rigorously [59], and in order to avoid
the complexity induced by partitioning these branches,
we include only one phonon branch in each separate
calculation and then compare the results of two calcu-
lations.

We start from using an initial broad Gaussian wave
packet of op = 1. Transfer integral J =0.1 and an
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Figure 5 Time evolution of the exciton probability Pe(t, 1) ob-
tained from the DY='¢ Ansatz In the case of / = 0.1 and F =
0.1 and an initial narrow Gaussian wave packet of op = 0.2 is
shown in (a) (g = 0) and (b) (g = 0.4). The phonon displacement
Xpn(t, n) is shown for (c) the acoustic phonons and (d) optical
phonons respectively in the presence of g = 0.4,

external field of F=0.1 is set in the calculations of
this subsection. In the absence of exciton-phonon cou-
pling, as shown in Fig. 4(a), the exciton exhibits typ-
ical BOs, with the center of mass of the wave packet
oscillates while its shape is essentially unchanged, in
agreement with earlier theoretical work based on an
ideal GaAs/Al,Ga,_.As superlattice in a uniform elec-
tric field as described by a conventional flat-band pic-
ture [69, 72]. In the presence of the weak diagonal cou-
pling (g = 0.4), we focus on the anti-adiabatic regime
where the phonon frequencies are larger than the trans-
fer integral . Only P(t, ) of optical phonons is shown in
Fig. 4(b) because the effect of the two phonon branches
turned out to be similar. By comparing Figs. 4(a) and
(b), the time periods of the exciton transport are the
same because the temporal periodicity is determined
by the external field. This agrees with the experimen-
tal observation that the detected signal is found to be
modulated over time but the time period of the sig-
nal is found to be equal to the temporal periodicity of
BOs [1]. The largest oscillation amplitude of the cen-
ter of mass of the exciton wave packet in Fig. 4(a)
is in accordance with the theoretical value of 4J/F
[73].

Even though the temporal periodicity is preserved
after the exciton-phonon coupling is turned on, the
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Figure 6 (a) Mean value c(f), (c) standard deviation o () and (e)
current j(f) as functions of the time £ in the case of J = 0.1 are
displayed using theinitial standard deviation oy = 1 and (b),(d),(f)
using og = 0.2, respectively. In each panel, the results with g = 0
and g = 0.4 are compared.

spatial periodicity is changed over time. The addition of
the exciton-phonon coupling moves the center of mass
of the exciton wave packet of g = 0 closer to the initial
location, which is in line with the contrast in the mean
value c(t) between g = 0 and 0.4 in Fig. 6(a). Not only the
motion of the center of mass of the exciton wave packet
is changed, but also the width of the wave packet is en-
larged as an effect of the weak coupling, giving rise to a
broadened wave packet. The width ¢ (1) in Fig. 6(c) is in-
creased due to smearing of the wave packet.

The phonon displacement Xpy(t, ) is shown in
Figs. 4(c) and (d) for the acoustic and optical phonons,
respectively. Before the exciton creation at t=0, the
phonons are in their vacuum states for both scenar-
ios. By comparing the two figures, parts of X,y (2, 1) (red
and yellow) are found to propagate with BOs frequency
wp because they are generated by the moving exciton
wave packet and would in turn smear out the exciton
wave fronts. As for the remainder of Xyn(t, n) (blue), a
V-shaped feature and an oscillatory component with the
phonon frequency wq are respectively found in Figs. 4(c)
and (d). Moreover, the existence of ten peaks in one Bloch
period 5 can be attributed to the ratio wp/ws (phonon
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frequency wp over BOs frequency). In the presented
cases, wy is ten times of wp = de| F|/h, where dis the lat-
tice constant, e is the charge of the exciton,and d=e=
fi=1 is set. Meanwhile, the weak coupling affects the
transport and the exciton current in Fig. 6(e). At zero cou-
pling, the exciton current j(#) (see Supporting Informa-
tion) in the case of an initial broad Gaussian wave packet
is j(f) = 2sin Ft with the largest amplitude among all
cases studied. The amplitude of the exciton current is de-
creased after the coupling is switched on, mitigating uni-
directional exciton transport.

Next, we consider the effect the weak exciton-phonon
coupling on the dynamics with an initial narrow Gaus-
sian wave packet of op = 0.2. As shown in Fig. 5(a), the
exciton undergoes a symmetric breathing mode at zero
coupling. The exciton wave packet propagates with its
center of mass fixed at the original location and its width
oscillates with the Bloch period, in accord with previous
studies on the breathing mode [46, 69, 74]. After the ad-
dition of the weak diagonal coupling g = 0.4, the exciton
amplitude becomes larger in the left branch than that
in the right branch (Fig. 5(b)) and the center of mass of
the wave packet is moved away from the original loca-
tion. These features of the exciton indicate that the sym-
metry of the breathing mode is broken by even minute
exciton-phonon interactions, and are further reflected by
the mean value c(#) plotted in Fig. 6(b), which oscillates
for the weak coupling case of g = 0.4 in contrast to be-
ing zero at all times for g = 0. Recently, the breakdown of
the breathing mode has been confirmed in semiconduc-
tor superlattices [75] and cold atoms trapped in optical
lattice [76-78], making our results here highly relevant in
the study of breathing modes in those systems. Further-
more, the width of the exciton wave packet for the weak
coupling case of g = 0.4 is reduced in comparison to that
for g = 0, as depicted in Fig. 6(d). A comparison between
Figs. 6(c) and (d) reveals that weak diagonal coupling
has opposite influences on the width of the exciton wave
packet: the exciton wave packet is broadened in the case
of oy = 1 while that in the case of oy = 0.2 is suppressed
after the exciton-phonon coupling is switched on.

Similar to the scenario of op =1, the phonon dis-
placement Xpi(t, i) ofop = 0.2 propagates along with the
movement of the exciton. As shown in Fig. 5(c), Xpn(t, 1)
maintains its V-shaped feature in the case of acoustic
phonons. As for Fig. 5(d), characteristic oscillations with
frequency wp is found in the case of optical phonons.
Reciprocally, the generated X,,(f, n) induces smearing
of the exciton in its center. A brief comparison between
Fig. 4 and Fig. 5 reveals that the exciton triggered phonon
displacement leads to the weakening of the exciton wave
packet in its center and edge, respectively. As shown in
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Figure 7 Eex(f), Epn(f), Eniag(t) and Egiag(f) obtained by the
DY=16 Ansatz in the case of J = 0.1, F = 0.1 and 6o = 0.1 In
the presence of weak diagonal coupling (g = 0.4) with the optical
phonons.

Fig. 6(f), the current in the zero coupling case is zero due
to the spatial symmetry of the exciton wave packet. The
exciton current in the weak coupling exhibits fast beat-
ing with the characteristic frequency wp superimposed
by slower BOs.

So far, we have focused on the impact of weak
exciton-phonon coupling on the quantum transport
with respect to the two typical scenarios. In general, BOs
are very sensitive to any kind of dephasing generated
by the electron-hole Coulomb interaction effects or lat-
tice imperfections, since they rely on the coherent re-
flection of waves [78]. The electron-hole Coulomb inter-
action is pointed out to destroy the breathing mode by
Dignam et al. after they examined the nature of the
exciton wave packets in undoped semiconductor su-
perlattices in a uniform along-axis electric field [75].
The effects of atom-atom interactions in the dilute BEC
trapped in a periodic potential were actively studied us-
ing a discrete nonlinear Schrédinger equation (DNLSE),
and the atom-atom interactions can result in the deco-
herence of atomic BOs [17, 76, 79] and enhancement or
suppression of the breathing width [77, 78]. To the best of
our knowledge, oursis the first investigation on the influ-
ence of the exciton-phonon interaction on both the typ-
ical BOs and the breathing mode.

Finally, we analyze the characteristics of the nonequi-
librium dynamics of the ring system, including a com-
parison with the steady state of an infinite linear chain.
First of all, in the absence of an external electric field,
in the anti-adiabatic limit of wy > J, exciton dynamics
in both weak and strong coupling regimes is dominated
by coherent oscillations and negligible energy transfer,
leaving a conserved total energy [80]. After an exter-
nal field is applied, the total energy is not conserved
as plotted in Fig. 7 because of the addition of the ex-
tra energy acquired from the external field. Secondly, a
steady state with a saturated current can be obtained

© 2017 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



Ann. Phys. (Berlin) (2017)

in a linear chain that extends to infinity in both direc-
tions, where the exciton acquires kinetic energy from the
applied field while dissipating its energy by a net emis-
sion of optical phonons [39]. Being a steady state sit-
uation, the expectation value of the rate of change of
electron momentum is zero, and the steady state is left
with an equation which balances the applied field, or
rate of increase of electron momentum, against the rate
of loss of momentum due to the lattice scattering. This
result is an explicit field dependence of the steady-state
velocity of the electron. The key feature of the steady
state is also explored in Ref. [43, 81, 82]. Equivalently,
the condition of the steady state can be that there exist
linear regimes of the total energy and phonon energy fol-
lowing the equality of dE g /dt = dEpy/dt [43], mean-
ing that the total energy gain is entirely absorbed by
the lattice. Specifically, with increasing time ¢, the to-
tal energy vs time approaches a straight line, and the
phonon energy has a linear time dependence as well.
But in our ring system, the condition of the steady
state can not be met as this equation can not be sat-
isfied from the curves of E. and Ep, as shown in
Fig. 7. For example, the value of dEpy/dtat t = 2t is not
equal to but 9 times of the value of dE,./dt. The en-
ergy imported by the external field can not cancel out
the energy emitted to the phonons, leaving the exciton
energy oscillates over time. Thus, the electron’s acceler-
ation in the ring can no longer be balanced out by the
lattice's deceleration and the electron can not drift with a
saturated velocity. Consequently, no saturated constant
current is found in the anti-adiabatic regime for the small
ring systems, and steady states in the adiabatic regime
will be investigated elsewhere.

To sum up, weak exciton-phonon coupling in the
anti-adiabatic regime breaks the spatial periodicity but
retains the temporal periodicity of both the typical BOs
and the breathing mode. The exciton movement shows
similar features in spite of the difference between the
acoustic and optical phonon branches. In fact, in a weak
external field, when diagonal coupling is strong between
the exciton and both the acoustic and optical phonons,
the exciton become localized, leading to the diminish-
ing of the typical BOs and the breathing mode. The lo-
calization is similar to that in the moderate external field
cases in the next subsection, therefore the details are not
shown.

3.3 Strong diagonal coupling

In this subsection we seek to present a general picture
of the exciton wave packet evolution in the regime of
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Figure 8 Time evolution of the exciton probability Pa(f, 1) ob-
tained from the D3'='8 Ansatz inthe caseof / = 1, N = 16 and
a moderate external field of F = 1 is displayed for different diag-
onal coupling strengths: (3) g = 0, (b) g = 3 and () g = 4. Cor-
responding currents j(f) are shown in (d).

strong diagonal coupling. We first investigate the exci-
ton wave packets as well as the exciton currents un-
der a moderate external field of F = 1. The time evo-
lution of the exciton probability P.(t, n) for different
diagonal coupling strengths g = 0, 3 and 4 is illustrated
in Figs. 8(a), (b) and (c), respectively. The exciton is cre-
ated on two nearest neighbouring sites, We set / = 1 and
N = 16, As shown in Figs. 8(a)-(c), the bare exciton ex-
hibits a partially BOs pattern, while the strong exciton-
phonon coupling is found to localize the exciton to the
initial excitation sites. BOs are largely quenched due to
strong exciton-phonon coupling [83]. This behaviour is
also demonstrated in Fig, 8(d), which shows that the am-
plitude of the exciton current decreases with increas-
ing exciton-phonon coupling and fluctuates around
zero.

We then discuss the case of a strong external field.
Using the same parameters as the case of F = 1, the
time evolution of the exciton probability P.(t, n) and
exciton current j(f) under a strong field of F = 70 are
presented in Figs. 9(a)- (c) and Fig. 9(d), respectively. Due
to the strong external field, the exciton is found to be
localized at the initial site of excitation irrespective of
the exciton-phonon coupling strength. A bare exciton
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Figure 9 Time evolution of the exciton probability Puy(t, n) ob-
tained from the DY=16 Ansatzin the case of J/ = 1, N = 16 and
a strong external field of F = 70 is displayed for different diago-
nal coupling strengths: (a) g = 0, (b) g = 3 and (c) g = 4. Corre-
sponding currents j(f) are shown in (d).

case is shown in Fig. 9(a) for comparison. The localiza-
tion of the exciton wave packet can be rationalized in
terms of Wannier-Stark states [7]. In the Wannier repre-
sentation, the Wannier-Stark states are denoted as |¥,,) =
> m Tm-n(y)|m), where Jp_n(y) is the Bessel function of
order m— nwith ¥y = 2J/Fd [73). Due to properties of
the Bessel functions, the Wannnier-Stark states extend
over the interval L ~ 2J/F, which leads to well local-
ized states in the limit of a strong external field [41]. As
shown in Figs. 9(b) and (c), strong exciton-phonon cou-
pling leads to the decay of BOs. The exciton currents
in the presence of strong exciton-phonon coupling ex-
hibits damped oscillations with a time scale of 8tz (613)
forg =3 (4).

4 Conclusion

We have studied transient dynamics of the Holstein po-
laron in a one-dimensional ring under a constant exter-
nal field using the Dirac-Frenkel time-dependent vari-
ational principle and the novel multi-D; Ansatz, which
is a linear combination of the usual Davydov D, trial
states. In both the diagonal and off-diagonal coupling
cases, our efficient variational calculations are in perfect
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agreement with those obtained from the numerically ex-
act HEOM method. Moreover, the relative deviation is
found to decay with the increasing multiplicity of the
multi-D, Ansatz, which vanishes in the limit of M — oo,
inferring that our approach is numerically exact in that
limit.

Firstly, the influence of the initial condition is studied
in the absence of exciton-phonon coupling. For an initial
broad Gaussian wave packet, typical BOs are found with
the center of the wave packet oscillating but its shape
essentially unchanged. Starting from an initial narrow
Gaussian wave packet, the exciton wave exhibits a sym-
metric breathing mode with its width oscillating with the
Bloch period and its center of mass fixed at the original
location.

The effect of the exciton-phonon coupling is the focus
of our investigation. In general, weak diagonal coupling
breaks the spatial periodicity while keeping the tempo-
ral periodicity of the exciton wave. For an initial broad
Gaussian wave packet, the application of weak diago-
nal coupling modifies BOs with the exciton wave packet
broadened and the exciton current reduced. For an ini-
tial narrow Gaussian wave packet, after the addition of
weak coupling, the spatial symmetry of the exciton wave
is broken and the center of mass of the exciton wave
packet oscillates away from the original position, lead-
ing to a non-zero exciton current. In particular, a satu-
rated current which exists in an infinite linear lattice is
not found in a finite-sized ring within the anti-adiabatic
regime, since the energy imported by the external field
is not entirely absorbed by the lattice, leaving the steady
state unreachable.

For strong exciton-phonon coupling, the variational
method using the multi-D, Ansatz is found to be highly
accurate while it is prohibitively expensive for the HEOM
method to tackle higher phonon excited states. The ex-
citon wave packet is found to be localized due to either
strong diagonal coupling or a strong external field. Fi-
nally, strong diagonal coupling gives rise to the decay of
BOs under a strong external field, leading to damped os-
cillations of the exciton current.
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Polaron dynamics with off-diagonal coupling:
beyond the Ehrenfest approximation

Zhongkai Huang,® Lu Wang,®® Changgin Wu,® Lipeng Chen,? Frank Grossmann®
and Yang Zhao*®

Treated traditionally by the Ehrenfest approximation, the dynamics of a one-dimensional molecular
crystal model with off-diagonal exciton-phonon coupling is investigated in this work using the Dirac-
Frenkel time-dependent variational principle with the multi-Dz Ansatz. It is shown that the Ehrenfest
method is equivalent to our variational method with the single D, Ansatz, and with the multi-D, Ansatz,
the accuracy of our simulated dynamics is significantly enhanced in comparison with the semi-classical
Ehrenfest dynamics. The multi-D; Ansatz is able to capture numerically accurate exciton momentum
probability and help clarify the relation between the exciton momentum redistribution and the exciton
energy relaxation. The results demonstrate that the exciton momentum distributions in the steady state
are determined by a combination of the transfer integral and the off-diagonal coupling strength,
independent of the excitonic initial conditions. We also probe the effect of the transfer integral and the
off-diagonal coupling on exciton transport in both real and reciprocal space representations, Finally, the
variational method with importance sampling is employed to investigate temperature effects on exciton
transport using the multi-D; Ansatz, and it is demonstrated that the variational approach is valid in both
low and high temperature regimes.

1 Introduction

Conducting polymers (CPs) are a special class of organic
materials with electronic and ionic conductivity, advanced
processability and extraordinary wettability. In 1977, Heeger
et al. reported oxidized iodine-doped polyacetylene as a fore-
runner of CPs.** Various experimental strategies have been
developed to produce CPs by techniques such as monomer
oxidation using chemical oxidative polymerization in solution,’
electrochemical polymerization on conductive substrates,® and
vapor-phase polymerization,” Electrical properties of CPs can
be tuned by oxidation and reduction, giving rise to rapid growth of
applications. Based on their good charge transport property and
high luminescence quantum efficiency, important utilizations of
CPs are found in large scale organic light-emitting diodes® and
electronic devices such as field-effect transistors.” CPs have also
been used as electrode materials for supercapacitors.’®'" As a
logical alternative to conventional inorganic electrode materials,
a composite architecture of various CPs has been developed as a
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cathode for ultrafast rechargeable batteries.'"* In comparison
with non-conducting polymers, there are many advantages
of CPs with regard to their electronic properties. CPs have also
been used for other purposes.”® For example, because of easy
processability in microstructuring processes,” CPs have been
considered for a wide range of biomedical and bioengineering
applications: artificial muscles,"”® controlled drug release,*® and
neural recording.'”"* Surface wettability based on CPs can switch
between superhydrophilicity and superoleophobicity by surface
morphology control at the nanoscale,” implying the usage of CPs
in intelligent orthopedic and dental implants.’

In the aforementioned applications, the efficiency of charge
carrier transport and exciton transport significantly impacts the
overall device performance.'? The carrier or exciton transport in
CPs is well described by the Su-Schrieffer-Heeger (SSH) model
in which the = electrons are treated in a tight-binding approxi-
mation and the ¢ electrons are assumed to move adiabatically
with the nuclei.®® Su et al convineingly demonstrated that
solitons play a critical role in the carrier transport doping
mechanism.”” Troisi et al. applied the SSH model to investigate
charge carrier dynamics in crystalline organic semiconductors
by solving the time-dependent Schrédinger equation for the charge
wave function and using the Ehrenfest theorem for classical
accelerations of nuclear positions.**** Improvements have been
made in this semi-classical method to study charge transport in
organic materials in recent years.**® Temperature dependent

Phys. Chem. Chem. Phys., 2017, 19, 1655-1668 | 1655
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charge carrier mobility has also been considered.?**® It is believed
that for short times (comparable to the phonon period) the
evolution of the system is dominated by semi-classical
dynamics. The traditional Ehrenfest dynamics did not well
treat the decoherence effect, which is incorporated by an
instantaneous decoherence correction (IDC) approach in the
framework of the semi-classical method. %%’

Even though the semi-classical dynamics in the SSH model
can capture certain features of charge transport, enormous
challenges still remain to accurately describe fully quantum
dynamical correlations between the electronic and vibrational
subsystems.”® In realistic polymer chains, charge transport
processes occur on the nano scale and the carriers interact
with the environment including the dominant phonon degrees
of freedom.” The SSH model includes off-diagonal exciton-
phonon coupling as a nontrivial dependence of the exciton
transfer integral on lattice coordinates.”’*® Due to inherent
difficulties, the off-diagonal coupling is often inadequately
treated in theoretical studies. Early treatments of the off
diagonal coupling include the Munn-Silbey theory.* Recently,
the Davydov D, Ansatz** and the multiple Davydov trial states™
have been developed to study the polaron dynamics in the
presence of the off-diagonal coupling. However, much awaits to
be studied on polaron dynamics with off-diagonal coupling
with regard to exciton momentum redistribution and energy
relaxations.™

In this work, in order to offer an accurate description of
polaron dynamics including off-diagonal coupling, the Dirac-
Frenkel time-dependent variational approach with the multiple
Davydov trial states will be employed. We also aim to examine
the accuracy of the Ehrenfest dynamics in the SSH model,
We first demonstrate that the semi-classical method and the
variational method using the single D, Ansatz are equivalent.
Then, we check the validity of the semi-classical method (the
variational method with the single D, Ansatz) by examining its
from the exact quantum dynamics. The underlying physics is
revealed in the real and reciprocal space representations,
including the exciton transport, the exciton momentum
redistribution and the exciton energy dissipation. At the end
of the paper, we show that the fully quantum mechanical
method using our multiple Davydov trial states is also applic-
able at finite temperatures.

The remainder of the paper is structured as follows. In
Section 2, we present the model Hamiltonian and the variational
wave function, the multi-D, Ansatz used for describing the
exciton transport. In Section 3.1, the accuracy of the variational
method using the multi-D, Ansatz is examined by the ansatz
deviation, which quantifies how faithfully the trial state follows
the Schrodinger equation, and it is shown that a large enhance-
ment over that of the semi-classical method has been achieved.
Numerical results of polaron dynamics by the wvariational
method using the multi-D, Ansatz are discussed in Section 3.2.
Impacts of the transfer integral and the off-diagonal coupling on
the exciton transport are studied in Section 3.3. Effects of
temperature on polaron dynamics is investigated in Section 3.4.
Conclusions are drawn in Section 4.

1656 | Phys. Chem. Chem. Phys. 2017, 19, 1655-1668

View Article Online

PCCP

2 Methodology
2.1 Model

In the presence of only off-diagonal coupling, the Hamiltonian
of the one-dimensional Holstein molecular crystal model takes
the form

H= "qcx + th + H:ﬁphv (1]

where He, Ao and A2, denote the exciton Hamiltonian, the
bath (phonon) Hamiltonian, and the off-diagonal exciton-phonon
coupling Hamiltonian, respectively. In the site representation,
= JZ“I:{“!HI + dp-1 )t

n

HEI

I

Hoh =0y blby,
]
(2)

I'}:iph > %‘sti} Z [a‘!,ﬂn-u-l (b.' + b}) (tspH_]‘,J - (5,,‘;)
ni

+ald,_y (b; + b,f) (8ns — 5n-|,f)];

where a}, (d,) and b}, (b,) are the exciton and phonon creation
(annihilation) operators for the n-th site, respectively. In this work,
only the anti-symmetric exciton-phonon coupling is considered
in eqn (2). In the phonon momentum space, we can rewrite Ay,
and A%, as,

ﬁnh = Z (J}Q.é;{;q,
]

Hex ~ph ‘__N-]ﬂqbzmg{ a'r||+1[="f‘imII lﬂ'_l)b +HC] (3)
g

+f?,r,f;’n»-l [efqn(] = eﬂ-‘?)ﬁq + H_c.] },

where w, is the phonon frequency at the phonon mementum q,
and b} (b q) is the creation (annihilation) operator of a phonon

with the momentum g,
1/2 z c““’"ﬁl. (4)
i

by= N2 gl g~ N
The parameters J and ¢ represent the transfer integral and the
off-diagonal coupling strength, respectively. A linear phonon
dispersion is assumed,

SN (B T 1 R

where w, denotes the central phonon frequency, W is a con-
stant between 0 and 1, the bandwidth of the phonon frequency
is 2Wawq, and g = 2xl/N represents the momentum index with

N

l=——41

N
g In the rest of the paper, w, is set to unity as
the energy unit, and a dispersionless optical phonon band with
W =0 is used.
2.2 Multiple Davydov trial states

In this work, we employ the Dirac-Frenkel variational principle
to obtain quantum dynamics. We use the multiple Davydov
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trial states with multiplicity M, which are essentially M copies of
the corresponding single Davydov Ansatz. The multi-D, Ansatz
has less variational variables than the multi-D, Ansatz when the
same M is used, but performs better in illuminating the polaron
dynamics with the off-diagonal coupling.*® The multi-D, Ansatz
with the multiplicity M, can be written as

M N
DY (1)) = 32 ulmlA,

= 35l n{ [ - 48] 0
q
(6)

where (s, and 4;, are the exciton amplitudes and the phonon
displacements, respectively, n is the site index of the molecular
ring, and i denotes the i-th D, state in the coherent super-
position, If M = 1, the multi-D, Ansatz reduces to the original
single Davydov D, trial state. Equations of motion for the
variational parameters ;,, and J;, are then derived by adopting
the Dirac-Frenkel variational principle,

dfeL) oL _,
dr 31,1.5! M‘ 3!}': .‘n. ,

7)
df6L) oL _,
df 6,’11;'1' a;{fq' -
For the multi-D, Ansatz, the Lagrangian L is given as
= (DM()|5 = — M
L= (D4 5m H|D¥ (1))
i ?34 (5 8
- foroierm - erogorm| @
— (D' (0 AP (1)),
where the first term yields
_._)
s[eroino) - oroigioro)]
i o :
- EZ z (ijﬁlpm = 'nbjn.'pm) Sj-‘
& n
i _ G
3 Aig" Aig + A" A
x Z:E%’ '#msjr'z l: pL Bl 5 g _"ig
iy n q
Aghi e L si i
“&Lfii+%%_mm}
and the second term is
(DY (0| A|DY (1)) = (D3 ()| Hex| D' (1))
+(D¥UHHNJD¥UD (10)

+(D£J( ex— ph|D
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Detailed derivations of the equations of motion for the variational
parameters are given in Appendix C, together with discussions
on the initial conditions and numerical details.

To quantify the accuracy of the variational dynamics based
on the multiple Davydov trial states, we introduce a deviation

vector (1) defined as

8(r) = 70 —7(0)

(11
= 21p(0) |D“ M

where the vectors 7(¢) and 7(¢) obey the Schrodinger equation
F(1) = 8]P(1)) /0t = —iH|'¥(r)) and the Dirac-Frenkel variational
dynamics 7(r) = 8| D3') /8 in eqn (7), respectively. The devia-
tion vector §(f) can be calculated as

3(1) = il D4 (0) — o DY (9). (12)

Thus, the accuracy of the trial state is indicated by the ampli-
tude of the deviation vector A(r) = HS[:}”‘ In order to view the

deviation in the parameter space (W, J, ¢), a dimensionless
relative deviation o is calculated as

max{A(1)}

- m’ 1 € [0, fmax]s (13)

where N, (f) = ||7(r)|| is the amplitude of the time derivative of
the wave function,

d d
Nerr“} == \/_<Etp(") a‘f’(;‘:}) (14}

= /(DY ()| 2| DY (1)).

With the wave function |D3(f)) obtained, the total energy
Erota1 = Eex + Eph + Eex-pn i caleulated, where Ee, = (D5(t)| Hex| D2
{t]) EPh = D':’f[fHHPh]DM D: and Eex—ph = (DM{t ngﬁ'P”DM(t
(see eqn (32)). In addition, the exciton probability Pe(t,n) and
the exciton momentum probability P..(t,k) are also calculated

Pl:x[tln) = { .' ."iiDM[t]
Pe:c. Ik = (DM[E.H il ‘kIDM f}) [15]

where @} (d;) is the creation (annihilation) operator of the
exciton with the exciton momentum Kk,

aI — N_”lz e-iknéfp = -1/2 Zerin *'1 [16}
n

We then calculate the mean square displacement MSD(t) of the
exciton probability P.(t,n) as a function of time ¢,

= in}’uﬁr, nl,
Z[”_C ] Pex(t,n),

(17)
MSD(1
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where c(t) describes the centroid motion of the exciton probability.
In the exciton momentum representation, the counterpart,
k-MSD(t) denotes the degree of deviation of the state at the time
t from the initial state, as shown in the following equations,

a(t) = Z kPex (1,K),

k=—n

] (18)
keMSD(1) = 3 [k — (1)) Pex(t,K),

k=—mn
where ¢;(¢) illustrates the centroid motion of the exciton momen-
tum probability.

3 Results and discussions
3.1 The multi-D, Davydov Ansatz

In this subsection, the dynamics of Hamiltonian (1) is described
fully quantum mechanically using the multi-D, Ansatz with
sufficiently large multiplicity M, yielding numerically accurate
quantum dynamics at zero temperature.**

We first test the accuracy of our multi-D, Ansatz with
parameters extracted from ref. 22 and 26 (this parameter set
was extensively used to study realistic models of pentacene
molecules). As shown in Fig. 1, the relative deviation ¢ goes to
zero as the multiplicity M approaches infinity. A log-log plot of
(o, 1/M) (inset) indicates a power-law relationship with an
exponent of p = 0.29(1), further inferring a numerically exact
solution in the limit of M — co. The largest relative deviation &
is found for the single D, Ansatz. As presented in Appendix A,
the SSH Hamiltonian is equivalent to the Holstein Hamiltonian
with off-diagonal coupling only. The equivalence between the
semiclassical method and the variational method using the
single D, Ansatz is shown in Appendix B. Therefore, this implies
that the accuracy of the semi-classical Ehrenfest dynamics can
be quantified by the relative deviation of the single D, Ansatz.
The variational method with sufficiently large M fully takes into
account the quantum effects, yielding a much more accurate result
than that with the single D, Ansatz, which is equivalent to the
semi-classical method. For example, the ¢ of the DY Ansatz in
Fig. 1 is smaller than 0.1, thus the multiplicity of M = 16 is

J=7.4,6=20

015+

log-log plot
a~M
40 0o @

=1
L 9@@ slope=0.29(1) 3

de L

0.1

107 10° 1
1M

1 1 1 N i

0 0.2 0.4 06 0.8 1

1M

0.05

Fig.1 The relative deviation ¢ of the multi-D; Ansatz is displayed as a
function of /M for a commonly used set of parameters with off-diagonal
coupling ¢ = 2.0 and large transfer integral J = 7.4. In the inset, the
relationship @ ~ M" is displayed on a log-log scale and the dashed line
represents a power-law fit.
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Fig.2 MSDI(t) of the exciton for the case of J = 7.4 and ¢ = 2.0 is obtained
from the single D4, the D48, the D5'%, and the D422 Ansatz, respectively.

employed to explore polaron dynamics in following subsections,
unless otherwise specified.

In order to further compare the performance of our variational
method using the multi-D, Ansatz and that of the semi-classical
method, the exciton movement is studied by calculating the mean
square displacement MSD(t). As shown in Fig, 2, the amplitudes
of MSD(t) from the fully quantum variational method using the
DY, the DY'®, and the DY"** Ansatz are smaller than that
from the semi-classical Ehrenfest method (equivalent to the
single D, Ansatz), and MSD(t) shows apparent convergence as
the multiplicity M exceeds 16. This result is in agreement with
that obtained by the IDC approach, in which the carrier is
found to be less mobile in comparison with that of the original
Ehrenfest method.”*® In this case, the transfer integral is much
larger than the exciton-phonon coupling and makes more
contribution to the movement of the wave front in the carrier
propagation. Consequently, the exciton-phonon coupling leads
to localization of the wave front. The Ehrenfest method treats the
phonons semi-classically and underestimates the confinement
effect of the exciton-phonon coupling on the wave function,
Therefore, the reduction of the mobility is attributed to the
quantum mechanical description of the phonons and the
electron-phonon coupling. We note, however, the change in
MSD(t) depends on parameter regimes. In some other cases
{e.g.,J = 0 and ¢ = 1.0), phonon assisted transport dominates
the exciton movement as discussed in ref. 33.

3.2 Polaron dynamics in exciton momentum representation

In this subsection, we explore the impacts of off-diagonal coupling
on the exciton movement in the exciton momentum representa-
tion by using the mult-D, Ansatz. Without the exciton-phonon
coupling, the Hamiltonian of the bare exciton can be described
by the first term of Hamiltonian (1), He, and the energy band is
E(k) = —2J cos(k). The exciton energy and the exciton momentum
are constants of motion, However, in the presence of the exciton-
phonon coupling, the exciton momentum may move away from
the initial values and the exciton energy would be dissipated.
The left and the right column of Fig. 3(a)-(d) present the
time evolution of the exciton momentum probability P.(tk),
starting from the initial conditions P.,(0,k) =1 at k = 0 and =,
respectively. P..(t,k) redistributes toward a quasi stationary
state, where no net energy transfer takes place between the
exciton and the phonons, as shown in Fig. 3(e) and (f).
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(8) P, (0.k=0)=1 (J=0.6,6=1)

(b) P”(U,kznj =1 (J=0.6,4=1)

2 T ™ T +
(s) J=05.4=1 ahp U=084=1 ]
P [0.k=m)=1

Fig.3 (a-d) Time evolution of the exciton momentum probability
P..t.k} is obtained using two excitonic initial conditions. Pe(0k = 0) = 1
(left column) and P {0k = ) = 1 (right column). Two transfer integrals,
J =06 and -0.6, are used together with the same off-diagonal coupling
strength ¢ = 1. Energies for the case of J = 0.6 and ¢ = 1 are plotted for (e)
POk = 0) = 1 and (f) Pe(0k = ) = 1. Energies of the exciton and the
exciton-phonon coupling are displayed for each exciton momentum k
using the initial conditions of (g) Pex(0.k = 0) = 1 and (h) Pe.(0.k = n) = 1. The
number of sites N = 8 is fixed in these calculations.
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Notwithstanding the difference in the initial excitonic condi-
tions, Pe(t,k) in the case of Fig. 3(a) and (b) still relaxes to the
same stationary regime, where the final P (t,k) is centered
around k = 0. As for J = —0.6, Pe(t,k) is centered around
k = £m, as shown in Fig. 3(c) and (d). Moreover, the exciton
momentum pattern in Fig. 3(a) is shifted by © compared to that
in Fig. 3(d) because the Brillouin zone of the former is shifted
by = from that of the latter, and the shift also occurs for Pe(t,k)
in Fig. 3(b) and (c).

The energy relaxation process is known to be accompanied
by a redistribution of the exciton momentum probability.*
With regard to the Holstein model with diagonal coupling, the
exciton kinetic energy is transferred to the phonons, ending up
with a constant value of Eey + Eex_pn.*® However, energy relaxation
in the Holstein model with off-diagonal coupling is still not well
understood, In order to clarify this issue, we consider time
evolution of the exciton and the phonon energy. Fig. 3(e) and
(f) show the time evolution of energies in the case of / = 0.6 and
¢ =1 for Pe,(0,k = 0) = 1 and P(0,k = ) = 1, respectively. Under
this parameter set, the initial exciton energy of P, (0,k=0)=11is
the lowest, that of P[0,k = 1) =1 is the highest, and those of the
other initial conditions fall in between. After the transfer
integral is changed to J = —0.6, due to a phase shift of the
Brillouin zone in the exciton momentum space, the initial
exciton energy of P[0,k = 0) = 1 becomes maximal, while that
of P {0,k = m) = 1 turns to minimal under all initial excitonic
conditions. As a result, identical energy relaxation processes
occur despite that transfer integrals have opposite signs. Thus,
only the case of /= 0.6 and ¢ = 1 is displayed for simplicity. At
=0, the phonons are in their vacuum states. Later, the incident
exciton wave fronts generate phonons via the exciton-phonon
coupling. As a consequence, the exciton energy is transferred to
the phonon degrees of freedom. After a fast relaxation process,
both the energies of the exciton and the phonons reach steady
values. Eq, + Eexpn in the steady state settles around —2|J|, which
corresponds to the energy minimum of the exciton in the
absence of the exciton-phonon coupling. In order to identify
the energy contribution of each exciton momentum, we also
investigate Ee + Egepn in the exciton momentum representation.
As plotted in Fig. 3(g) and (h), the initial Eex + Eexpp is —1.2 and
1.2, respectively. After relaxation, the momentum of k= 0 becomes
the main contributor of Ee + Eexpn for both cases, and also
determines the locations of the quasi stationary regime after
the exciton momentum redistribution.

Fig. 4 presents the time evolution of the exciton momentum
probability in the absence of the transfer integral. We set the
initial excitonic conditions P, (0,k) = 1 of k= 0 and = in the left
((a), () and (e)) and the right ((b), (d) and (f)) column of Fig. 4,
respectively. Akin to the cases of f = 0.6 and ¢ = 1 in Fig. 3, by
comparing Pe(t,k) with two types of initial conditions, it is
found that the exciton momentum probabilities redistribute
and become centered around the same regimes, as shown in
Fig. 4(a) and (b). Even in the absence of the transfer integral, the
exciton can still be transported by the off-diagonal coupling.
Fig. 4(c) and (d) plot the time evolution of the phonon energy
and the exciton-phonon interaction energy. As also shown in
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(a) P_ (0,k=0)=1 (J=0,¢4=1)
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Fig. 4 Time evolution of the exciton momentum probability P {tk) for =0
and ¢ = 1 is obtained using two Initial conditions: (a) P 0k = 0) = 1 (left
colurnn) and (b) P[0k = n) = 1 (right column). Corresponding energies are
displayed in (c) and (d). The contributions ta the exciton—phonon interaction
energy from each exciton momentum are shown in (e) and (f).

Fig. 4(c) and (d), for 0 < ¢ < t,, the amplitudes of both Epp and
Eexpn, teach their peaks and fluctuate until the exciton and the
phonons cease to exchange energy at ¢ = 10t,. The energy
relaxation process only involves E.,.,;, because E., is always zero.
As presented in Fig. 4(¢), E..p, of each exciton momentum
undergoes three stages during the energy relaxation process.
During 0 < t < ty, they all show strong oscillations with the
largest amplitudes. At the intermediate stage £, < t < 10¢t,, the
energies of k = £n/2 compete with that of k = 0. At ¢ > 10t,,
the contribution of the energy of k=0 to Eey-ph reduces to almost
zero, leaving the energy of k = +n/2 to be the dominant energy
contributor. As for the case of the initial condition Pey(0,k=m)=1
as shown in Fig. 4(f), the competition at the second stage
fy < t < 10t, occurs between the energies of k = +n and +n/2
instead, and the energy of k = 4+n/2 also turns out to be the
prominent contributor to Ee.pn. Consequently, the exciton
momentum probability finally becomes centered around
k = £n/2 as shown in Fig. 4(a) and (b).
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3.3 Effect of transfer integral and off-diagonal coupling on
exciton transport

In this subsection, we investigate the influence of the transfer
integral and the off-diagonal coupling on exciton transport of
Hamiltonian (1).

By tuning the transfer integral, contributions of the transfer
integral and the off-diagonal coupling to the exciton movement
are examined, as shown in Fig. 5. It can be shown in the site
representation that the off-diagonal exciton-phonon coupling
plays a crucial role in polaron transport.*”*® As shown in Fig. 5(b),
the off-diagonal coupling is the only agent for exciton movement
in the absence of the transfer integral, also known as phonon-
assisted transport.’® When both the off-diagonal coupling and
the direct, phonon-free exchange transfer are present, because
of the competition between them, the exciton transport may be
inhibited, as shown in Fig. 5(a). The self-trapping phenomenon
is expected due to the competition between the off-diagonal
coupling and the transfer integral when the energy bands are
flattened at the Brillouin zone center.’® In this work, the
Toyozawa Ansatz is adopted to study the ground state energy
bands of the Holstein model using the variational method.
As presented in Fig. 5(i), the lowest energy band of J = 0.5 and
¢ = 1.0 meets the self-trapping condition, and we can thereby
take this case as an example to study the self-trapped exciton
from the perspective of dynamics. In agreement with our
expectation, P.(t,n) turns out to be localized in Fig. 5(a). By
directly flipping the sign of the transfer integral to j = —0.5, the
exciton wave fronts are found to move considerably, as shown
in Fig. 5(c). Using MSD(¢) as defined in eqn (17), the expansion
of the exciton wave packets is further investigated for J = —0.6,
—0.5, 0, 0.5 and 0.6. As plotted in Fig. 5(g), the amplitude of
MSD(t) for J = 0 and ¢ = 1 is smaller than those in other cases
with non-zero transfer integrals, except for the self-trapped case
of = 0.5 and ¢ = 1.0.

In the crystal momentum representation, the underlying
physics of the ground states can be elucidated, where the
crystal momentum is denoted as K (see eqn (38)). The Toyozawa
Ansatz is a time independent translationally invariant trial
state, viewed as a superposition of the replicas of the D, Ansatz
displaced to every lattice site, weighed by a phase factor of the
total momentum.’ We analyzed the energy bands of the ground
states obtained from the Toyozawa Ansatz (see Appendix D). In the
off-diagonal coupling only case (J = 0), the minima of the band
are located at K = /2. The addition of positive (negative) transfer
integrals moves the minima towards the center (boundary). In
particular, as mentioned above, in the case of J = 0.5 the band
flattens at the center of the Brillouin zone, leading to the largest
effective mass among all the studied cases, in accord with the
self-trapping of Pg(t,n) in Fig. 5(a).

The effect of the transfer integrals on the exciton movement
in the presence of the off-diagonal coupling is further examined
in the exciton momentum representation in Fig. 5(d)-(f) and (h).
The exciton is created in the profile of (2 + cosk)/2N in the
momentum space as we excite two nearest neighboring sites
initially (see Appendix C). In the subsequent relaxation process,
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Fig.5 Time evolution of the exciton probability Peltn) for the case
of the off-diagonal coupling (¢ = 1.0) is obtained with transfer integrals
(a) J = 0.5, (b) 0, and [c) —0.5; the related time evolution of the exciton
momentum probability Pe(t.k) is shown in (d)=(f); (g} MSD(t] of J = 0.6, 0.5,
0, —0.5 and —0.6 together with ¢ = 1.0 is plotted in the site representation;
(h} k-MSDit) is displayed in the exciton momentum representation;
(i} energy bands of the ground state are obtained from the Toyozawa
Ansatz, The number of sites N = 32 is fixed In these calculations.

Pu(t,k) redistributes and becomes localized in a quasi station-
ary region, and the mean square displacement of the exciton
momentum k-MSD(¢) approaches a plateau, as shown in Fig. 5(h),
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After the relaxation process, the final P.(t,k) is found to be
determined by a combination of the transfer integral and the
off-diagonal coupling strength. For the off-diagonal coupling
only case, P(f,k) progressively becomes localized around
k = &£mn/2 (Fig. 5(e)). In the case of J = 0.5 and 0.6, P(t,k)
aggregates toward k = 0, as seen in Fig. 5(d). Similarly, the
P.(t,k) of both J = —0.5 and —0.6 correspond to +m in Fig. 5(f).
In addition, &-MSD(¢) of the extreme cases of P.(t,k) = dx, and
J¢+ are 0 and 277, respectively. As shown in Fig. 5(h), k-MSD(z)
of J = 0.6 is closer to the analytical value of 0 than that of /= 0.5,
indicating that the P.(t,k) of J = 0.6 is more localized around
the zone center than that of J = 0.5. Likewise, &-MSD(t)
of J = —0.6 is nearer to the limited value of 2n° than that of
J=—0.5, illustrating that the Py(t,k) of the former case is more
localized around & = £m.

In the site representation, the off-diagonal coupling is known
to play the role of assisting the transport of the exciton.*** In
Fig. 6(a), in the absence of the transfer integral (J = 0), we study
the dependence of MSD(t) on the off-diagonal coupling strength.
It is found that the exciton propagation is facilitated by the
off-diagonal coupling, as shown by the site-space MSD(t) in
Fig. 6(a). However, the off-diagonal coupling can be simulta-
neously an agent for exciton localization. The localization effect
of ¢ gradually increases with the coupling strength ¢ if ¢ is
greater than a critical value ¢.** As shown in Fig. 6(a), the
amplitude of MSD(¢) decreases with the off-diagonal coupling
strength ¢ for ¢ > ¢ = 1.0.

In the exciton momentum representation, Pe,(t,k) all end up
around k = £n/2 for a variety of off-diagonal coupling strengths,
and the corresponding k-MSD(¢) approaches the same narrow
regime around 0.25%°, which is the theoretical value of k-MSD(¢)
for Pey(t,k) = (852 + Ok —nr2)/2, @s shown in Fig. 6(b). However, the
relaxation time diverges due to the variance of the off-diagonal
coupling. The time for the exciton momentum to reach the
stationary regime is inversely related to the off-diagonal coupling

10} () —=—1=07

| —p—p=0.8
8 —r— $=0.9
=
& 6 —9—@:1‘0
——=1.1
g | _
2r 4
d :

k-MSD{t)/x"

05 T 15 2

Y e
0%

Fig. 6 (a) MSDIt) of the exciton in the site representation is shown for
J=0and ¢ =07 08 09,10 11 12 and 1.3; the related k-MSD(t) in the
exciton momentum representation is displayed in (b),
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strength, because the first stage of the time evolution (t < 0.5¢,)
is accompanied by a fast exciton movement in the case of large
off-diagonal coupling as presented in Fig. 6. In addition, the
energy bands of various off-diagonal coupling strengths imply
that the band width and effective mass are largest for ¢ = 1.4
and get smaller as ¢p moves away from ¢°".*2 The localization
feature is found both in static and dynamic calculations although
the value of ¢, differs slightly. The off-diagonal exciton-phonon
coupling leads to exciton energy dissipation and redistribution
of exciton momentum in three typical scenarios corresponding
to completely distinguishable band structures (this conclusion
is independent of the system size), which may be formed due to
a variety of compositions and geometrical structures of the
organic materials, defects, doping mechanisms and deforma-
tions of CPs, """

3.4 Temperature effects

In this subsection, we extend the work to study the effect of
finite temperatures on polaron dynamics. The conductivity of
polymers has been measured by many researchers as a function
of temperature.**** The temperature effects have been in
contention from a theoretical point of view. For example,
Cruzeiro et al claims that the Davydov soliton is stable at
T'=310 K.** Later, a quantum Monte Carlo treatment has shown
that the Davydov soliton is unstable above 7 K.*° In this work,
several approaches are used to study the temperature effects: a
variational method with importance sampling (see Appendix E.2),
the hierarchical equations of motion (HEOM) method,***” and
the averaged Hamiltonian method (see Appendix E.1). The
variational method with importance sampling developed by
Wang et al. simulates the thermal fluctuation of phonon modes
by sampling the initial phonon displacements based on the
Bose distribution, and thus it can deal with Holstein polaron
dynamics at both low and high temperatures,*® The HEOM
method is numerically exact and is capable of treating any
finite temperature, serving as a benchmark here. However, the
HEOM method is also numerically expensive and thus imprac-
tical when the system size is large. The variational approach
can treat large systems once a suitable trial wave function is
adopted. In order to compare with previous attempts in the
literature, the averaged Hamiltonian method has also been
used, and we found that this approach is not even suitable for
the spin-boson model (i.e., N = 2) as shown in Appendix E.
Fig. 7 shows polaron dynamics calculated by the multi-D,
Ansatz with importance sampling and the HEOM method at two
temperatures. The calculations are carried out for J = 0.8 and
¢ = 0.3 in a ring of N = 8 sites. P(t,n) outputs obtained from the
D}™*® Ansatz and the HEOM method at T = 0 are shown and
compared in Fig. 7(a) and (b), respectively. As revealed in
Fig. 7(c}), APe(t,n), i.e., the difference between the two methods,
is two orders of magnitude smaller than the value of P(t,n),
indicating that the variational method can be numerically exact
at low temperatures with sufficient multiplicity M of the multi-D,
Ansatz. The phonon displacement ; 4(t = 0) is set to zero at T=0,
while importance sampling is used at T = 2/ks(f = 0.5) to
simulate the finite temperature effects with the results displayed
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Fig. 7 Time evolution of the exciton probability P..(t.n) obtained at T= 0
and 2/kg. Peltin) at T = 0 obtained from (a) the DY Ansatz, (b} the
HEOM method, and (c) AP,,(t.n) between the DY=18 Ansatz and the HEOM
method) P(tn) obtained from (d) the D% Apsatz, (e) the HEOM
method, and (f] the related APy, (t,n) at T = 2/kg (f = 0.5).

in Fig. 7(d). Similarly, as shown in Fig. 7(f), differences between
the results obtained from the two methods are two orders of
magnitude smaller than the value of Pe(t,n) in Fig. 7(d) end (e),
inferring that the variational method with importance sampling
provides numerically exact results at high temperatures with
sufficiently large M.

Next, we investigate the influence of thermal fluctuations on
exciton transport. At both low and high temperatures, the
exciton wave fronts depart from the site of exciton creation
and propagate in opposing directions until they meet at the
opposite side of the ring, During the time evolution, distinct
features observed at zero temperature (Fig. 7(a) and (b)) are now
significantly smeared due to the thermal fluctuations (Fig. 7(d)
and (e)). As shown in Fig. 7(d) and (e), during 0.2¢, < ¢ < t, the
exciton probability is more centered around the site of creation
than those of Fig. 7(a) and (b). Att > ¢, the bright spots shown
in Fig. 7(a) and (b) are significantly quenched in Fig. 7(d) and (e).
These results indicate that the exciton transport is weakened
when the temperature is increased, in line with ref. 22 and 49,

4 Conclusion

In this work, we have studied the dynamics of the Holstein
molecular crystal model with off-diagonal coupling using the
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Dirac-Frenkel time-dependent variational principle and the
novel multi-D, Ansatz, which is a linear combination of the
usual Davydov D, trial state from the soliton literature.
The semi-classical Ehrenfest method, traditionally used to simu-
late such dynamics, has been shown to be equivalent to our
time-dependent variational method with the single D, Ansatz.
The calculation of the relative deviation, which quantifies the
Ansatz accuracy, demonstrates that the variational method with
the multi-D, Ansatz presents much more accurate results
than the semi-classical Ehrenfest dynamics. With a sufticiently
large multiplicity, our variational method using the multi-D,
Ansatz can offer numerically exact solutions. We further compare
MSD(t) obtained from the semi-classical method with that from
the multi-D, Ansatz, and find that the mobility is overestimated
by the semi-classical method. These results indicate that the
descriprion beyond the semi-classical method is essential to
quantitatively capture the dynamics of the SSH model.

Secondly, we have explored the underlying physics from
the accurate dynamics data for the Holstein model with the
off-diagonal coupling. The energy and the momentum of the
bare exciton are constants of motion. However, in the presence
of the exciton-phonon coupling, the exciton momentum prob-
ability is found to redistribute and become centered in stationary
regions. We reveal that the momentum redistribution is only
determined by the combination of the transfer integral and the
off-diagonal coupling strength, and is independent of the
initial excitonic conditions used. In addition, in order to study
the competition between the transfer integral and the off-
diagonal coupling, we investigate the exciton transport within
the exciton site and the exciton momentum representation,
and the crystal momentum representation. The results show that
the combination of the transfer integral and the off-diagonal
coupling does not necessarily play a role in enhancing the
exciton transport. Moreover, the off-diagonal coupling is demon-
strated to be the simultaneous agent of transport and localiza-
tion in dynamical calculations.

Lastly, the temperature effects are studied using the varia-
tional method with importance sampling by employing the
multi-D; Ansatz. In both the low and high temperature regimes,
the time evolution of the exciton probability calculated from
the variational method with importance sampling agrees well
with that from the numerically exact HEOM method, and can
be obtained much more efficiently, The results at finite tem-
peratures show that fast delocalization of the exciton wave is
quenched due to thermal fluctuations, indicating the weaken-
ing of the exciton transport by increasing the temperature.

Appendix A. Fully quantum description
of the semiclassical Hamiltonian

The semi-classical Hamiltonian is composed of the electronic
and the phonon part H = H, + Hpp, the electronic part is

Hy= Z (=7 + &(ttnsr — ta)] (@ dnsr + Hoe), (19)

n
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where J is the transfer integral, « the electron-phonon coupling
constant, u, the displacement of phonon on the n-th site, and
dp, (4,) are the creation (annihilation) operators of the electron,
The phonon part is

K M ;
‘Hﬂh =EZH:(”H+1 _uﬂ}2+?¥”nz1 [20)

in which, K denotes the force constant originating from the ¢
bond between carbon atoms, K = Mw,* and M is the total mass of
a CH-unit for trans-polyacetylene. The combination of the two
parts mentioned above is identical to the Su-Schrieffer-Heeger
(SSH) model used for conductive polymers.*

Using the quantum mechanical creation and annihilation
operators to describe the displacement of the phonon bath,

1 i
g = \}'_}Mw(b:i + b,—,)

(21)
y o— 1 a
"“ViMow
we get H=Huyt f{ph + i, with the electronic part
He =-J) (8hdnss +He.), (22)
n
the phonon part
-~ ..t -
Ay = Z wob, by, (23)
n
and the electron-phonon interaction part
Hp=vy Z [ﬁf,fhm (5F + b:) (Gasrs — Bug)
nf (24)

- ﬁ'fr{:',‘_| (61 - 5}) ((5,,,( = a"—EJ)] .

By Fourier transforming the phonon operators into momentum
space,

=} 2 ~net
by= NN oimp
q

(25)
L,;rr = N_”z ze"@”bm
q
we get
F[:x =T JZ (&L&"*l + H.C‘:],
n
Hypn = oy byby,
' (26)

";r:;iph = ?N_HI Z {{l'j,f’frr-o- | [eiqur(efqr - 1}!;4 “ HC]

”.(f
+ ﬁ.L&”_I [Blﬂﬂ{l _ e—:'q')éq Ve H,C.:| }‘

just being the off-diagonal Holstein polaron model.

Phys. Chem. Chem. Phys, 2017.19. 1655-1668 | 1663



Published on 28 November 2016. Downloaded by Nanyang Technological Umniversity on 16/02/2017 03:51:51,

View Article Online

Paper PCCP

Appendix B. Comparison between the
variational method using the single D,
Ansatz and the semi-classical method

1
of ref. 50, we get [ =\/,J___(mwx+z'p} and f+ /" = V2mox.
ZMen

After we put this into the last equation of eqn (28), we get

In this part, it is shown that the dynamics obtained from the 0 =i (mwi + ip) — (mewx + ip)
semi-classical method and the variational method using only V2ma V2ma (31)
the single D, Ansatz are equivalent for the spin-boson model 1

(Nez 2].g : ¥ ¢ - ’E‘(MP—]BF) -~ %(»»1'1%r AB")

B.1 The variational method The real part of eqn (31) agrees with the fourth equation

The Hamiltonian of the spin-boson model is of eqn (30), and imaginary part of eqn (31) is equal to the
. 2 P third equation of eqn (30), proving the equivalence of the semi-
H =30+ Vo, + wﬁfﬁ'+§0: (' +a) +56_\-(fi? +a), (27) classical method and variational method using only the
single D, Ansatz.
where ¢ and V are the spin bias and the tunneling constant, In conclusion, the expectation value of position x and
respectively. A(¢) is the diagonal(off-diagonal) coupling strength. momentum p obtained from the semi-classical method agree
ox and ¢. are the Pauli matrices, 4'(4) is the boson creation with the ones from the variational method using the single
(annihilation) operator for the phonon of frequency . D, Ansatz.
Using the variational prmcrple and the D, Ansatz, |D,) =
A()|+)elOF' =@ gy 4 pgy|_yelrtoa’ /940, the equations of

motion can be obtained, C. The multi-D, trial states
0 == ;:A - VB— %AU e %3({‘ +1), The energies of the system are given by the following equations,
s A ¢
23 i, T & s 28
O=iln gt rarslliAF) ~pAr s e (0)| Hes| D () = —JZZ% Vipst + Vine1) S

0= gf—mf-%(m?— |B%) —%{A‘BJ—AB‘). 5
(DY (6)| Hyn | DY (£)) = o D03 Ut > A Ay Sy,
ij n q

M L
B.2 The semi-classical method (DY (0)|H: D2 (1)

The semi-classical Hamiltonian can also be written as

1 . M
: =T sy

A= EG: + Vo + 2 -|—lmwzx2 s
2 2m 2 =
{29] {'pﬂf Ilfjl.ﬂ" Iqﬂ (elll“T ‘J'I" +e” ( e ])’EM‘]
+ 44/ ”g + ¢ . . _ )
+ 'nf’jn‘ 'JL'I.n-I E’ewﬂ(l = e_’q)’j’-’? +e (I oW arq);{.m-T }‘
the electronic state is described by the wave function (32)

[) = A(t)|+) + B({)|-), m is the effective mass of the phonon.

The equations of motion from the semi-classical formalism are where the Debye-Waller factor is formulated as

L £ fmeo
id = (2 3 .%x)A+ VB+ ¢ xB Sy = <"1"J'1J>!
(&, [mo ma . = . 1 2 2
(2+ 5 ,lx)B+ VA+ ¢ 5 xA, (30) = exp{zq:)-jq Ar’q —§(|.1,;,l '|*|*1;‘qr|I )}

(33)

X=v
In addition, the energies can be converted to the exciton

R "%(|A|3—|B|2) Y I’%{A*B+ AB'). momentum representation by using
Y = N_'UZZC—MWFh
k

We now compare the equations of motion obtained from the Wt = N-2 Ze"’fﬂpm'
variational method and the semi-classical method, From eqn (A7) k

B.3 Comparison

(34)
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The Dirac-Frenkel variational principle results in equations of
motion including

=iy Sk
- % Z L ; (2’1‘“; Aig — dighig” = *feiw‘) Ski
#I2 Wim + Va1 )
— @y Z Vi ; Mg’ igSki

(35)

| ; R
—3 l”qbggwapm_l[e'“"[l — &™) g

+B_'Iw (] .~ B:q))»kq*] Skis
and

== ‘Z Z wkn*ij'a‘n-'quski = IZ z J,E-‘;‘,,'l.b,-,,i,-qsg.,-

— %2 g wkn.wbriquk"-
x Z (2}-.&;}' 2:}) - j'i'p‘lip* i ’ti}"}“lﬂ“)
I

=J E Z Vi Winet + Win1) Aig Sk,
i i
= Z Z 'p.kn"‘bm (wo + @y Z j'kp.}‘in) J;‘rq-s.kl‘ {3 6}
i i P

| Y ;
8 ENHI”‘# Z E wqd’fm. [wm_kle-mn (e"ﬂj - ])
- 'Pa.n-:e_;qd(l = eq)] Ski

! 1
== 'E'N- Iﬂ‘ﬁ E E ({!{’k,n+ l.wi.il -+ !Pku.ul’i;u. | }’-fqr

% an [e?" (e% — 1) A + ™" (€7 — 1) Ay "] S

»

It should be noted that the main results of this work are
calculated from the above equations of motion. The equations
of motion are solved numerically by means of the fourth-order
Runge-Kutta method. The exciton initially sits on two nearest-
neighboring sites, i.e. ¥, = (8,52 + Onn/2+1)/V2. At T = 0, the
phonon is in the vacuum state, i.e. A, = 0. In order to avoid
singularity, the uniformly distributed noise [-107°, 1077 is
added to the initial variational parameters y;, and Ay, at ¢ = 0.
More than one hundred samples are averaged to get rid of the
influence of the noise and reach convergent results in the
simulations.
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Appendix D. The Toyozawa Ansatz

Our interest here is the polaron ground-state energy band,
computed as

E(K) = (PE)|H|P(K) ), (37)

where |¥(K)) is an appropriately normalized, delocalized trial
state, and H is the system Hamiltonian. The joint crystal momen-
tum is indicated by K. It should be noted that the crystal
momentum operator commutes with the system Hamiltonian,
and energy eigenstates are also eigenfunctions of the crystal
momentum, Therefore, variations for distinct K are independent,
The set of E(K) constitutes a variational estimate (an upper bound)
for the polaron energy band. The relaxation iteration technique,
viewed as an efficient method for identifying the energy minima
of a complex variational system, is adopted to obtain numerical
solutions to a set of self-consistency equations derived from the
variational principle. To achieve efficient and stable iterations
toward the variational ground state, one may take advantage of
the continuity of the ground state with respect to small changes in
system parameters over most of the phase diagram and may
inidalize the iteration using a reliable ground state already
determined at some nearby points in parameter space. Starting
from those limits where exact solutions can be obtained analyti-
cally and executing a sequence of variations along the well-chosen
paths through the parameter space using solutions from one step
to initialize the next, the whole parameter space can be explored.

As the D; Ansatz is a localized state from the soliton theory.
It can be delocalized into the Toyozawa Ansatz, which is the
Bloch state with the designated crystal momentum, via a
projection operator By,

Pe= N1 Y eI = gk - P), (38)
"
where

P= Zlmlm + qu;bq. (39)
% 7

After the delocalization onto the usual D, Ansatz, the Toyozawa
Ansatz is given by

[¥2(K) = KWK | K712, (40)

IKJ} = zeﬁ{'n wa;—uﬂL
n "
X exp [— E (l;:‘:_"bﬁ: - ['I.C.)jl |0},

m

(41)

Y - s . ! .
where 'flf, _, is the exciton amplitude and A:',‘:_,T is the phonon
displacement.

Appendix E. Alternative approaches to
temperature effects

We aim to investigate the effect of temperature by comparing the
following approaches: the averaged Hamiltonian (see Appendix E.1},
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Fig.8 P,lt) obtained from averaged Hamiltonian, HEOM methed, the
D52 Ansatz, and the DY'"* Ansatz. The parameters are V = —0.05,
A=05and f =05

the variational method with importance sampling (see
Appendix E.2}, and the numerically exact HEOM method. The
spin-boson model, i.e., a Holstein model with N = 2, is taken as
the simplest example.

The variational method with importance sampling is simulated
by initially employing random number generators to investigate the
temperature effects using the multiple Davydov trial wave states.
The influence of the temperature on the dynamical behavior is also
studied using the method of averaged Hamiltonian with the
Davydov D, Ansatz developed here (see eqn (42)) and the HEOM
method. The population differences P(t) (see eqn (51)) obtained
from the D3 Ansatz, the DY Ansatz, and the other two methods
are plotted in Fig. 8 using parameters V = —0.05, 1 = 0.5, § = 0.5.
Unfortunately, the more complex D; Ansatz does not show an
improvement over the multi-D, Ansatz and the HEOM method, at
finite 7 the distinct damping out of the oscillations is not observed,
in contrast to the case of the variational method with importance
sampling and the HEOM method. Moreover, with more D, states
used, the results obtained from the variational method with impor-
tance sampling come closer to those from the HEOM method.

E.1 Averaged Hamiltonian

According to the papers by Cruzeiro et al** and by Férmner,™
which are based on earlier work by Davydov and coworkers, the
temperature effects can be taken into account approximately,
by using a generalized Davydov Ansatz

Wule)) = AQR)|+)eV O8O 1 plg)|—)eHOF -0 (49)

with the normalized excited states
|v) =—=(a")"|0). (43)

In this way, one can view the ‘thermally averaged state’ as a
linear combination of all states with a fixed phonon distribu-
tion in the lattice, where the weight factors of the individual
states follow Bose-Einstein statistics, Then, we can get a
thermally averaged Hamiltonian

Hr = p,Hu, (44)
v
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{y}e—ﬂa:é’&ly) . c—ﬂmy

P =S e Py~

v

(45)

where # = 1/kT is proportional to the inverse temperature and
Ho = (WL LD), (46)
in which A is given in egn (27). Thus,

Hr = =(|AP~|B[*) + V(AB' Dy + A" BDyy)

o[l (o+1/F) + 18P 7+ 18P)]
(47)

(4P +1%) - 18 (g +2)]

+
RS B

{AB*(g" +/)Dai + A" B(f* + ) D2,

where the average phonon number is # = 1/(e”” — 1) and
1

(1) g+ig"f - (r»+5) (L +1ei*)

Dp=e
(48)

1
(r+1)g"+5f g~ (“5) (Lrr+12R)
=e z

2=

From the Dirac-Frenkel variational principle, we get the equa-
tions of motion

s +%A(f‘_f—f‘f) = %A th(5v+ 1f|2)
- V8D =340 +1) - 2B +-g)Di,
0=iB+ %B(g‘g -£'g) +§B - wB (:'» + Iglz)
- VADy1 +3B(g +8") ~ S4(g" +/)Du,
0= il4ff - oAl —Hap

— VAB'5(g ~ f)Dys - VA'B{(9+ 1)(g —£)|D2

(49)
- %A‘BDIZ - %5/13'(8' +/)o(g — f)Dn
¢

—3A"B(f* + )7+ 1)(g —f)Dna,
. 2, Ao
0=i|B"¢ — w|B|g +518l
= VAB (6 + 1)(f — g)Da) — VA*Bo(f — g)D);

= %AB‘DH — %AB‘(g" +/)#Z+ 1) — g) Dy

= ‘gA'BU‘* +8)v(f — g)D1a.

In the spin-boson model, physical variables of interest are

Pt} = (o)) = (Di|oy|Ds), i=x,y,2 (50)
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Here, P.(t) describes the population difference. With the above
trial state, we obtain

Bt) = |A]* — |B[. (51)

E.2 Variational method with importance sampling

The variational method with importance sampling is used
to obtain the dynamics of the Holstein model with the off-
diagonal coupling, where initial phonon displacements are
chosen according to the Bose distribution. Using only two
sites for simplicity, the Holstein model with the off-diagonal
coupling can be reduced to a spin-boson Hamiltonian
(egn (27)). We solve the dynamics by the variational method
using the multi-D, Ansatz

DY (1)) = iA;(r)1+}e["f“)ﬁ'—ﬂ'i’1f‘]]0>

(52
+3 Bi(n)-)elidt=r il o)
i

The temperature effects are included by considering the initial
displacements based on the Bose distribution.** The initial
bath can be expressed as

ZLBe-M‘& _ jdalptan«x«l. (53)

where |a) = e*4~*"4

|0} and the distribution P(x) is
Pla) = %(cﬂ“’ = 1) exp(=o* (™ - 1)), (54)

it is shown to be a well-behaved Gaussian function and has no
singularity. Numerically, let 2¢% = 1/(e™ — 1) and & = x + #y,

1] 2y - T O
P{'x}=——2e 2 =———+¢ 200— ¢ ? {55]
n 2o 2ng vV 2na

Then, we can generate the configuration « for the bath accord-
ing to P(x) by the Monte Carlo method. The initial displace-
ments in the trial states are determined by setting fi(t = 0} =
@ + &, where a small noise & & [—-107% 107?] is added to
increase the numerical stability. According to the equations of
motion obtained from the Dirac-Frenkel variational principle,
the dynamics of the system can be obtained. The final result
is averaged over enough realizations (more than 50000) to
ensure the convergence of relevant physical quantities. In the
same way, initial displacements are also chosen according
to the temperature in the fully quantum description of the
SSH model.
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The following are the corresponding equations of motion
: p i - fe w
~ 132 S =53 A= (i +47) + A S
&

= _E Z ArS.f\'r' B Vz]: BI"Ski' == Z A‘.C‘)ﬂﬁ".ﬁs&li [56}

A . 1 )
. 52 Ailfi + /' )Ski — 3¢ Z Bi(fi + fi") Sk,

i BiSu 5 3 B[ (i + 17 + 2] S
= +§Z B;Ski - VE AiSi — g Biewofi'fiSki (57)
32 B+ - 39 A+ £

and

—i) (A Ai+ B B)fiSu — 1) (A Ai + BY B))fiSi
i i
— 3 3744 A+ BB 7 - 1)
;
= _%E (A" A; = BV Bi)fiSii
= VZ(A{B,— + B A)fiSki
a
- er (Ak"Ai + By B;) (o + wofi" fi)fiSki
A ’
= ZZ(Ak A; = By By) Sy
_ %Z (Ax" Ai — BE B (fi + i) Sk
r
= %(1, E (Ai" Bi + Bi" 4i) Sui
;
— 56 3 (A B+ BE AN+ 1 YiSk
where Sy; = e TWARAL
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